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Summary

0 Introduction: Random surfaces and Langevin dynamics
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Introduction: Random surfaces

Interface model: Model the interface separating two phases.

@ An interface (or a surface) is represented by a function
¢:Z% - R;
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Random surfaces
@ Base space: Consider a finite set A C 79, typically a box

AL i={-L,... 7,
@ Configuration space: Set of functions
RM = {¢: AL - R : ¢ =0 onboundary}.

Definition: Random surfaces
We define the finite-volume Gibbs measure

pin, (do) == —eXP < > V(gly) - ))) IT ds(x)

X~y XENL

where V : R — R is a convex, symmetric, interaction potential

0< A< V<A<
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Random surfaces and Langevin dynamics

Definition: Langevin dynamics
The Gibbs measure is associated with the Langevin dynamics:

dpr(x) =Y V'(¢e(y) — de(x))alt + V2dBi(x),

y~x
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Random surfaces and Langevin dynamics

Definition: Langevin dynamics

The Gibbs measure is associated with the Langevin dynamics:

dpr(x) =Y V'(¢e(y) — de(x))alt + V2dBi(x),

y~x

or equivalently

doe(x) = V - V'(Vr)(x)dt + V2dBy(x).
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Random surfaces and Langevin dynamics
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Random surfaces and Langevin dynamics

Definition: Langevin dynamics
The Gibbs measure is associated with the Langevin dynamics:

doe(x) = > V/(¢i(y) — ¢r(x))at + vV2aBy(x),

yoX

or equivalently

doi(x) = V - V/(Vr)(x)dt + V2dBy(x).

Objective: Study the large-scale behavior of the model:
@ Localization/Delocalization;
@ Hydrodynamic limit (LLN);
@ Scaling limit (CLT), etc.
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Langevin dynamics as a parabolic equation

From a PDE perspective, one can rewrite the Langevin dynamics as

doi(x) — V - V/(Vr)dt = vV2dBy(x).

Parabolic operator random noise

Question: Study the large-scale behavior of the Langevin dynamics:
@ Probability: Law of Large Numbers, Central Limit Theorem, etc.

@ Analysis: What is the regularity of the Langevin dynamics?
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Summary

e Hydrodynamic Limit
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The Hydrodynamic Limit
Hydrodynamic Limit
Let v is a solution of
du=V-V/(Vu)dt+dB in RxZ.

Then, over large-scales:
@ uis well-approximated by a deterministic function u;
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The Hydrodynamic Limit

Hydrodynamic Limit
Let u is a solution of

du=V -V (Vu)dt+dB; in RxZC.

Then, over large-scales:
@ u is well-approximated by a deterministic function u;
@ The function u is solution of a deterministic equation

Ol — V- Dppy(VI) =0 in R x RY.
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The Hydrodynamic Limit

Hydrodynamic Limit
Let u is a solution of

du=V -V (Vu)dt+dB; in RxZC.

Then, over large-scales:
@ u is well-approximated by a deterministic function u;
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Remarks:
@ The limiting equation is defined in the continuum.
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The Hydrodynamic Limit
Hydrodynamic Limit
Let v is a solution of

du=V -V (Vu)dt+dB; in RxZC.

Then, over large-scales:
@ u is well-approximated by a deterministic function u;
@ The function u is solution of a deterministic equation

Ol — V - Dpp(V) =0 in R x RY.

Remarks:
@ The limiting equation is defined in the continuum.
@ The map 7 : RY — RY is uniformly convex, D, is its gradient.
@ v is called the surface tension.
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The Hydrodynamic limit
Hydrodynamic Limit (Funaki-Spohn, 1997)
Let u be a solution of

du=V-V/(Vu)dt+dB; in RxZ.
Then there exists a solution u of
ol —V -Dpp(VO) =0 in R xRC,

such that .
=12

with Q. = [0, L?] x A,.

Notation:

AL:={-L,...,}9 and ”“”iZ(OL) ZIA] I/\LI /[0 e Z lu(t, x)|? dt.
XeENL
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Quantitative Hydrodynamic Limit

Quantitative Hydrodynamic Limit (Armstrong-D. 2022)
Let u be a solution of

du(t,-) =V - V(Vu)(t,-)dt + dB;.
Then, there exists a solution u of
otu—V - Dpp(Vu) =0,

such that
(1+VinLlg—p)
\/z 9

with Q = [0, L?] x A, and with Gaussian stochastic integrability.

1 _
7 lu=1lpz@q) =

Strategy of the proof: Two-scale expansion.
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Summary

e Two questions of regularity
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Two questions of regularity

Two questions of regularity:
@ What is the regularity of the surface tension 7?

© What is the regularity of the Langevin dynamics

ou=V-V'(Vu) — ueChe,
du=V -V (Vu)dt+dB; = ue?
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Regularity of the surface tension

Deuschel-Giacomin-loffe (2000): If V is C'-'(R) and uniformly
convex then 7 is C''(RY) and uniformly convex.

Armstrong-Wu (2019): If V € C?>(R) then & ¢ C>#(RY) with 8 < a.
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Regularity of the surface tension

Deuschel-Giacomin-loffe (2000): If V is C'-'(R) and uniformly
convex then 7 is C''(RY) and uniformly convex.
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Remarks:
@ The surface tension is more regular than the potential;

@ The modulus of continuity of DI%D depends on measure
theoretical information on the map V”:
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Regularity of the surface tension

Deuschel-Giacomin-loffe (2000): If V is C'-'(R) and uniformly
convex then 7 is C''(RY) and uniformly convex.

Armstrong-Wu (2019): If V € C?>(R) then & ¢ C>#(RY) with 8 < a.

Theorem: Armstrong-D. 2022
If V € C1(R) then 7 € C?(RY). J

Remarks:
@ The surface tension is more regular than the potential;

@ The modulus of continuity of DI%D depends on measure
theoretical information on the map V”:

» How well can the function V" be approximated by continuous
functions.
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Regularity of the Langevin dynamics

Consider the parabolic equation

ou—V-V(Vu)=0.

with the uniform ellipticity assumption
0< A< V(X)) <A< oo

Regularity: The solution uis C'« for a tiny a € (0,1).
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Regularity of the Langevin dynamics

Consider the parabolic equation

ou—V-V(Vu)=0.

with the uniform ellipticity assumption
0< A< V"(x) <A< o0
Regularity: The solution uis C'« for a tiny a € (0,1).

Analysis question:

ou=V-V'(Vu) — ueC'e,
du=V-V(Vu)dt+dB; = ue?
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Regularity for Langevin dynamics

Large-scale regularity:
@ If uis a solution of

au(t,) =V -V (Vu)(t,-)dt + dB;,
then u is well-approximated over large-scales by a solution of

0l — V - Dy (V) = 0.
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Regularity for Langevin dynamics

Large-scale regularity:
@ If uis a solution of

au(t,) =V -V (Vu)(t,-)dt + dB;,
then u is well-approximated over large-scales by a solution of

il — V - Dpir(V) = 0.
@ The solution o is C'.

© We can transfer the regularity of U to u:

uis C'* over large-scales.
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Regularity for Langevin dynamics

Large-scale regularity:
@ If uis a solution of

au(t,) =V -V (Vu)(t,-)dt + dB;,
then u is well-approximated over large-scales by a solution of

0l — V - Dy (V) = 0.

@ The solution T is C'.
© We can transfer the regularity of U to u:

uis C'* over large-scales.

History: Avellaneda-Lin, Armstrong-Smart, Gloria-Neukamm-Otto.
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Thank you for your attention!
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