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Interested in lim F(f)

N—>00
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Parisi ('80) lim Fy(f) = inf g’ﬁ(,u)
N—-oo Iz

Guerra ('03) lim F(f) < int & 4(p)

r

Math ¢

) Talagrand (’06) lim F(f/) > inf @ﬁ(,u)

Panchenko (’13+) gave a more insightful proof



SK is convex

1 &
Hy(0) = — Z 8,0:0;
N iz




SK is convex

1 N
N ’ j=1

(g;7);; i-i.d. standard Gaussian




SK is convex

1 N
N ’ j=1

(g;7);; i-i.d. standard Gaussian

N
"H\(6)Hy(c") = N~ Z 0,0,0,0;
ij=1

=N<6. 0,>2
N




SK is convex

1 N
N ’ j=1

(g;7);; i-i.d. standard Gaussian

N
"H\(6)Hy(c") = N~ Z 0,0,0,0;
ij=1

=N<0]-va’>2
v




SK is convex

1 N
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(g;7);; i-i.d. standard Gaussian
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=N<0]-va’>2
v

Overlap ~ # spins with the same sign
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| N
H*(0) = ﬁ 2 8ii01.i07.

ij=1

—77bp bp, .~ _ SRS AVAZ M.
oo = () ()
(x1,X%,) = XX, is not convex.

Layer 1 Layer 2
N=3

Guerra lim F () < inf & 4(u) Breaks down
Talagrand/Panchenko lim F(f) > int @ﬁ(,u) Maybe not sharp
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c = (01,05, ...,0y) € (IRD)N

/

-H\(0)Hy\(0") = N&(%)

RP*P_yalued Overlap

If £ is convex, Parisi formula is correct

If £ is not convex, Parisi formula is not correct
No prediction for the limit
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= : \/2_tH (0')+\/Z >
Fy(t, ) = —Elog ; e 2

Gibbs measure (- ) = (),

<g(6)> — %Z g(a)e\/z_tHN(O')-l‘\/Zz-O'

Where Z — Z e\/z—tHN(O')'F\/Zz-o'
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If O - E(O) as N — oo, we expect F, — f for
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(Hamilton—Jacobi equation)

Conjecture In general case, even when & is non-convex,
lim Fy=f

N— o0
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xExternaI field\/2hz - o,forh > 0

h — an increasing path [0,1] — PSD,,

0.f +&(=0,f) =0 (HJ)

on an infinite dimensional cone (empty interior)

Theorem [C.—Xia 20, 22a, 22b]

The Cauchy problem of (HJ) is well-posed: existence,
uniqueness, and comparison principle.

Moreover, 1) natural finite-dimensional approximations

exist; 2) variational formulas for solution exist when &
is convex or f(0,-) is concave.
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Theorem (convex) [Mourrat 22]
If £ is convex, then lIim F =F.

N— o0

Proof: Rewrite Parisi formula as Hopf—Lax.

Theorem (non-convex; upper bound) [Mourrat 23]
If £ is non-convex, then lim sup Fy, < f.

N— o0

Needs Panchenko’s ultrametricity result.
Recall Guerra’s upper bound fails when non-convex
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If £ is non-convex, then any sub-sequential limit of F),
satisfies (HJ) “almost everywhere”.

Theorem B [C.—Mourrat 23]

Let £ be non-convex. Assume lim F, = f exists.
Then, the limit is prescribed by characteristics of (HJ).
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Slope: VE&(—P(x))

>

x  Px)=0.f0x) p
Characteristic line (starting atx):  X(s,x) = x4+ sV&(—=P(x)), s>0
Value along char.: U(s,x) = f(0,x) + sP(x) - VE(—P(x)) + s&(—P(x))

If / is a “reasonable” solution of (HJ),
thenf = U(:,x)onX(-,x)
before colliding with other char. lines.
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A PDE perspective

Theorem B [C.—Mourrat 23]
Let £ be non-convex. Assume lim F);, = f exists. Then, for every

(t, h), there is x such that h = X(¢, x) and f(t, h) = U(t, x).
f is determined by some char. regardless of colliding

(P(x) = 0,£(0,%)
X(s,x) =x+sVE-P(x))
| U(s, x) = f(0.%) + sP(x) - VE(—P(x)) + s&(—P(x))

LY b

A
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Conjecture In general case, even when & is non-convex, lim Fy = f
N—oo




