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Abstract

In this paper, we give an explicit integral expression for the joint distribution of the number
and the respective positions of the sides of the typical cell C of a two-dimensional Poisson-
Voronoi tessellation. We deduce from it precise formulas for the distributions of the principal
geometric charateristics of C (area, perimeter, area of the fundamental domain). We also adapt
the method to the Crofton cell and the empirical (or typical) cell of a Poisson line process.

1 Introduction and principal results.

1.1 The typical cell of a two-dimensional Poisson-Voronoi tessellation.

Consider ® a homogeneous Poisson point process in R?, with the two-dimensional Lebesgue measure
V5 for intensity measure. The set of cells

Clx) ={y eR%[ly —al| < [ly - a'll,.a" € @}, =z €,

(which are almost surely bounded polygons) is the well-known Poisson-Voronoi tessellation of R2.
Introduced by Meijering [13] and Gilbert [6] as a model of crystal aggregates, it provides now models
for many natural phenomena such as thermal conductivity [9], telecommunications [3], astrophysics
[22] and ecology [19]. An extensive list of the areas in which the tessellation has been used can be
found in Stoyan et al. [20] and Okabe et al. [18].

In order to describe the statistical properties of the tessellation, the notion of typical cell C
in the Palm sense is commonly used [17]. Consider the space K of convex compact sets of R?
endowed with the usual Hausdorff metric. Let us fix an arbitrary Borel set B C R? such that
0 < V2(B) < +00. The typical cell C is defined by means of the identity [17]:

Eh(C) = ﬁE:ﬂ%@ hC(@) - 2),

where h : K — R runs throughout the space of bounded measurable functions.
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Consider now the cell
C(0) ={y e R% |yl < |ly — 2||,z € &}

obtained when the origin is added to the point process ®. It is well known [17] that C'(0) and C are
equal in law. From now on, we will use C'(0) as a realization of the typical cell C. We will call a
point y of ® a neighbor of the origin if the bisecting line of the segment [0, y] intersects the boundary
of C'(0). Let us denote by No(C) the number of sides (or equivalently vertices) of the typical cell
C. In [5], we provided an integral formula for the distribution function of Ny(C). We extend the
method to obtain the joint distribution of the respective positions of the k lines bounding C(0)
conditionally to the event {Ny(C(0)) = k}, k > 3.

Theorem 1 (i) For every k > 3, we have

(2m)*

P{No(C) =k} = —

k
/dak(51,"' 75k)/HG_H(‘Si’p“pi“)1B(pi—17pupi+1,5i—175i)pidpi, (1)
i=1

where oy, is the (normalized) uniform measure on the simplex

k
Sk ={(61,--- ,6) € [0,2]; Y | 6; = 27}, (2)
i=1
with
B ={(p,q,r,,8) € (Ry)* x (0,7)%;psin(B) + rsin(e) > gsin(a + B)}, (3)
with for every ¢ € (0,m), p,q > 0,
1 2 2 ) . p2 . q2 .
HO.0.0) = 5o {07+ 42 = 200cos(0)3 + pasingd) — Zosinga) — Tsim) - ()

and with the conventions pg = pk, Pk+1 = P1, and 6y = Oy;
(i1) conditionally to {Ny(C(0)) = k}, let us denote by (Py,©1),--- ,(Px,Of) the polar coordinates
of the consecutive neighbors of the origin in the trigonometric order.

The joint distribution of the vector

(Pr, -+ , P, 02— 01, 0 —O_1,21 + 01 — Oy)
then has a density with respect to the measure

dvi(p1,- -+ Pk, 01,7+ ,0k) = dp1 - - dpgdog (61, - -+, 0), (5)
and its density oy is given by the following equality for every pi,--- ,px >0, (61, ,0k) € Sk,

B 1 (2m)k
- P{Ny(C) =k} k!

k
©e(P1, -+ Pk, 015+, k) [ pie™ PPt (i1, i, pisr, 61, 6:).
i=1

A table of numerical values for the distribution function of No(C) has already been provided (see
[5], table 1).
Let us denote by F(C(0)) the fundamental domain associated to C(0), i.e.

F(C(0)) = Uzeco) Dz, [|z(]),

where D(y,r) is the disk centered at y € R? and of radius r > 0.

Theorem 1 provides an easy way to obtain the distribution of the area of F(C(0)) conditionally
to {No(C(0)) = k}, k > 3, and explicit integral formulas for the distribution of the area V5(C) and
the perimeter V4 (C) of C.



Corollary 1 Conditionally to the event {No(C) =k}, k > 3,
(i) the area Vo(F(C(0))) is Gamma distributed of parameters (k,1);
(ii) the distribution of Vo(C) is given by the following equality for every t > 0:

P{Va(C) > tINo(C) = k} = /(1@ )DL D B1, SR Py s Or O,
where

Ct = {(p17 7pk7617”’ 75k) S (R-i-)k X (O,TF)k,
k

1 1
8 Z sin(d;—1) sin(9;)

=1

Pi(pi—18in(d;) + piy1sin(d;—1) — pisin(d—1 + 9;)) > t};(6)

(iii) the distribution of V1(C) is given by the following equality for every t > 0:

P{‘/l(C) 2 t’NO(C) == k} = /(1Et . Spk)(ph 7pk7517”‘ ,(5k)d1/k(p1,"' 7pk7517”‘ 75k)7
where

Et = {(p17 7pk7517"' 76k) S (R+)k X (077T)k,

1 1

- - sin(S; oSS 1) — s sin(Si 1 4 8:)) > £V
9 ZZ:; sin(di_l) sin(di) (pz 1 SlIl( 7,) + pit1 SlIl( i l) Di SlIl( i—1 T 7,)) = }
Remark 1 The point (i) was already obtained by Zuyev [23] with a different method based on
Russo’s formula. The result can be easily extended to a d-dimensional Poisson-Voronoi tessellation,
d > 3, in the following way: condtionally to the event {number of hyperfaces of C(0) = k}, k > d+1,
the Lebesgue measure of the fundamental domain of C'(0) is Gamma distributed of parameters

(k, 1).

1.2 The Crofton cell of a Poisson line process.

Let us now consider ® a Poisson point process in R? of intensity measure

) 2m
u(A) = /0+ /0 14(r,u)dfdr, A € B(R?).

Let us consider for all z € R?, H(z) = {y € R?; (y—=x)-2 = 0}, (z-y being the usual scalar product).
Then the set H = {H(z);x € ®} is called a Poisson line process and divides the plane into convex
polygons that constitute the so-called two-dimensional Poissonian tessellation. This tessellation is
isotropic, i.e. invariant in law by any isometric transformation of the Euclidean space.

This random object was used for the first time by S. A. Goudsmit [8] and by R. E. Miles ([14],
[15] and [16]). In particular, it provides a model for the fibrous structure of sheets of paper.

The origin is almost surely included in a unique cell C{), called the Crofton cell. As in Theorem
1, we can get the joint distribution of the number of sides No(C{) of C{; and the respective positions
of its bounding lines.



Theorem 2 (i) For every k > 3, we have

PN(CH) =k} = - [ dontGn e a)

k _pi(1—Acos(6i)+17'cos(6i_1))
/He s om0 S p(pi—1, pis Pit1, i-1, 03 )dpis (7)
i=1

(ii) conditionally to {No(C() = k}, let us denote by (P{,0%),--- , (P}, 0}) the polar coordinates of
the projections of the origin on the consecutive lines bounding C|, in the trigonometric order.
The joint distribution of the vector

(Pllv 7P127@,2_ ,17 7@2:_ ;6—1727T+®/1_@;g)

then has a density with respect to the measure vy, (defined by (5)) and its density . is given by the
following equality for every pi,--- ,pr >0, (61, ,0k) € Sk,

1 (2m)*
L (P1ye e PR 01, 0) =
Prlpr e pr O 00 = prE T
k —pi(li»COS(éi) 17ACOS<57'._1))
H€ 0ot S p(pimt1, Pis Pit1, i1, 7).

=1

As for the Voronoi case, the point (i) of Theorem 2 provides numerical values estimated by a
Monte-Carlo procedure which are listed in Table 1.

We deduce from Theorem 2 the joint distributions of the couples (No(C{), V1(C{)) and
(No(Cp), Va(Cp))-

Corollary 2 Conditionally to the event {No(C() =k}, k > 3,
(i) the perimeter Vi(C}) is Gamma distributed of parameters (k,1);
(1) the distribution of Vo(CY) is given by the following equality for every t > 0:

P{%(C(l)) > t’NO(Cé) = k} = /(1Ct/4 . So;c)(pla Y YT 517 o 76k)dyk(pl7 o 7pk7517 o 75k)7
where the set Cy 4 is defined by the equality (6).

Remark 2 The point (i) was already obtained by G. Matheron (see [10], p.177). It can be extended
to any d-dimensional Poissonian tessellation, d > 3, in the following way: conditionally to the event
{number of hyperfaces of Cj = k}, k > d + 1, the mean width of C{ is Gamma distributed of

parameters (k, F(d/2)) .

7d/2

1.3 The typical cell of a Poisson line process.

The notion of typical (or empirical) cell C’ for the Poisson tessellation was first introduced by Miles
[14], [15] through the convergence of ergodic means and has been reinterpreted since by means of
a Palm measure (see [11], [12] and [4]). The typical cell C’ is connected in law to the Crofton cell
by the following equality (see for example [4]):

o hCy)
EhC) = Bme) ™ <v2<ca>> ’ ®)

4



k 3 4 5 6 7 8 9
P{Ny(C{) =k} | 0.0767 | 0.3013 | 0.3415 | 0.1905 | 0.0682 | 0.0155 | 0.0052

Table 1: Numerical values for P{Ny(C{) = k}.

for all measurable and bounded function & : K — R which is invariant by translation. Besides, it

is well known [20] that y
E{V5(C')} = [E (ﬁ%))] -2 9)

Since Corollary 2 provides the joint distribution of the couple (No(CY}), Va(CY)), we can deduce from
the equality (8) the law of the number of sides N(C’) and also generalize all the results obtained
for the Crofton cell.

Theorem 3 (i) For every k > 3, we have

o)k
PIN(C) = k) = T / doy(81.-- .5
1 cos(6 )+1 COb( I )1))
H— sin sin(%i-1 1B(p2 1, p7,7p7,+1757, 175)
L dpy -+ - dpg,(10
/ W (ph t 7pk7517" 75k) P pk( )
where
Wi o) =5 Yo (pic 1 SIn(0) + piy1 $0(6i-1) = pisin(d 1 +81):
k\P1, y Pk, 01, 7 = 9 — sm SlIl )pz Di— 15in DPi+1 S 051 Dismi0;—1 i))s
(ii) Let

(Qlf" 7@/{?7217”‘ 72143) €(R+)k><8k

be a random vector which has a density ¥y with respect to the measure vy (given by (5)) satisfying
the following equality for every pi,--- ,pr >0, (01,---,k) € Sk,

(P;g(pla 7pk7617"' 76143)
Wi(p1, -+ k> 01, -+, 0k)

Yr(p1, - Pk 01, 0k) = ag-

where a = (P{No(C{)) = k}/(nP{No(C’) = k})).

Let us consider a random angle © independent of the preceding vector and uniformly distributed
on the circle. We denote by X1, Xs, -+ , Xy the points of the plane of respective polar coordinates
(@1,9), (Q2,0+%1), -+, (Qk, O+ X1+ +3k_1). The typical cell C' then is equal in law to the
convex polygon bounded by the lines H(X1), -, H(Xk).

Numerical values for the distribution function of Ny(C’) using the point (i) and a Monte-Carlo
method are listed in Table 2. Let us remark that Miles [14] obtained that P{Ny(C') =3} =2 — %2
and Tanner [21] get the exact value for P{Ny(C’) = 4}.

As for the Crofton cell, we deduce from the preceding theorem a corollary about the joint
distributions of the number of sides and the perimeter V;(C’) (resp. the area V5(C’)) of the typical
cell.



>

3 4 5 6 7 8 9
P{Ny(C") =k} | 0.3554 | 0.3815 | 0.1873 | 0.0596 | 0.0129 | 0.0023 | 0.0004

Table 2: Numerical values for P{Ny(C') = k}.

Corollary 3 Conditionally to the event {No(C') =k}, k > 3,
(1) the perimeter Vi(C') is Gamma distributed of parameters (k —2,1);
(1) the distribution of Vo(C') is given by the following equality for every k > 3, ¢t > 0:

P{V5(C") > t|{No(C') = k} = /(1@/4 k) (P1y PRy 01, Ok)duk(pry PRy O s Ok),

where the set Cy 4 is defined by the equality (6).

Remark 3 The point (i) was already obtained by R. E. Miles [14]. It can be extended to any
d-dimensional Poissonian tessellation in the following way: conditionally to the event {number
of hyperfaces of ' = k}, k > d + 1, the mean width of C' is Gamma distributed of parameters

(k- 292).

Remark 4 Comparing the points (i) of Corollaries 1 and 3, we notice that the area of the fun-
damental domain of C(0) plays the same role for the Poisson-Voronoi case as the perimeter of C’
for the Poisson line process. This analogy may be explained as follows: for every fixed measure
in R?, the set of the lines H(x), x € R?, induces a pseudo-metric in the plane in the sense of R.
V. Ambartzumian [1], [2]. The quantity Va(F(C(0))) (resp. V1(C’)) then is proportional to the
perimeter of the typical cell with respect to the pseudo-metric associated to the intensity measure
of the Poisson point process ® (resp. ®').

In the paper, we first prove the resuls relative to the Poisson-Voronoi tessellation and secondly the
analogous facts for the Crofton cell of a Poisson line process. Let us remark that Theorem 3 and
Corollary 3 are direct consequences of Theorem 2 and Corollary 2 combined with (8) and (9).

2 Proofs of Theorem 1 and Corollary 1.

We use the same technique as in [5] based on Slivnyak’s formula (see e.g. [17]).

For every z € R?, let us denote by L(x) (respectively D(x)) the bisecting line of the segment
[0, x] (respectively the half-plane containing 0 delimited by L(x)).

We then define for all k > 3, and z1,--- , 2 € R?, the domain

D(xy,--- ,xk) = ﬁleD(xk).
Besides, we consider the set of (R?)"
A ={(x1, - ,x) € (R2)k;D(w1, .-+, 1) is a convex polygon with k sides}, (11)

and for every (x1,--- ,x) € Ag, the Lebesgue measure of the fundamental domain of D(z1, - - , zg),
ie.

V(Qj‘l, ce 7174:) = V2[f(D('r17 s 733/6))] = V2 [UmGD(xl.,~~~,mk)D($v HSL‘H)] .
Let Ny be the set of all neighbors of the origin.



Proposition 1 For every k > 3 and every bounded and measurable function h : R¥ — R invariant
by permutation, we have

1
E {1(nyc(0)=khNo) } = o /h(mlr“ o) exp{ =V (xy, - ,xp)}La, (21, 2p)dey - - - dy.
(12)

Proof. Let us decompose Q over all possibilities for the set Nj.

E {1{ny(c(0))=k} M(No) }

=E Z h(z1,- - ok)1a, (T1, 5 28) 1D(2y e 2)=C(0)}

{z1,~~~,mk}c<1>
=E Do h(rn @) a (@ B L) D (@ e a)=0 VE® (21 i} )
{z1,~~~,mk}c<1>

Using Slivnyak’s formula [17], we obtain

E {1(n,(0(0)=k} 1(N0) }

1
= /h(ﬂfl, s xp)la (T, 1) E (l{L(y)ﬂD(r1,~~~,:ck):(Z) Vye@}) dzy - - - dxy,
1
= /h(ml,... ,op)1a, (21, 2)P{L(y) N D(xy,- -+ ,a3) = 0 Vy € D}day - - - dog.(13)

We can easily verify that for any z € R?,
L(Z) N D(mh U 737k) # 0= z€ UxED(zl'“,rk)D(wv H‘TH)a
From this remark and the Poissonian property of ®, we get

P{L(y) N D(w1, -~ ,25) =0Vy € @} = P{®N [Upep(ay, ap) D@, ||2]])] = 0}
= e VEm), (14)

Inserting the equality (14) in (13), we deduce Proposition 1.

a

We already expressed the set A analytically and calculated the area V(z1,--- ,zk) in function of
the polar coordinates of z1,--- ,xy (see [5], lemmas 1 and 2). Let us denote by

(plyel)a"' 7(pk70k) € R-i— X [0727T)a

the respective polar coordinates of z1, - - -,z € R?. Supposing that 61, - - , 8, are in growing order,
we define §; = 0,41 —0;, 1 <i < (k—1), and d; = 27 + 01 — 0. We then have the two following

results:

k
Lag (o, mk) = [[1BWio1,p6pit1, 601,60, (15)

=1



where the set B is defined by (3), and for every (z1,--- ,zp) € Ay,

k
1 d; .
Vi, o) = ), 35n2(0)) {(p? + Pl — 2pipit cos(0;)) 5 + pipi+15in(d;)
i=1 !
pz e
2 sin(os;) - P2 sm(25i)} . (16)

Proof of Theorem 1. Using polar coordinates in the integral of the equality (12), we obtain for
every k > 3,

E{1{n, )=k} h(No)}

k
1 _
=7 / e~V PruorPkuo) (b 14, ) (prug,, -+ pru,) | [ Lipis0p Lo<o,<2nypidpid0;
’ i=1
k
— /e—V(p1u91,~..,pku9k)(h . ]-Ak)(plu917 o 7pku6k)1{0§91§§0k§271'} H l{pzzo}pldpldela (17)
i=1

where ug, 0 < 0 < 27, denotes the unit vector in the plane of rectangular coordinates (cos 6, sin ).
Let us suppose that h is invariant under rotation, i.e. for all 6 € [0, 27],

h(prugto,: -, Pruo+o,) = h(p1ue,, -, Prug,).
Inserting then the results (15) and (16) in (17), we deduce that

E{1{n, )=k} MN0)}

k
:/ [/ h(p1uo, paus, ;- - 7pkU61+~~+5k,1)H€_H(5i’pi’pi+1)1B(pz'—1,pz',pz‘+1,52‘—1,5i)pidpz‘
i=1

165, 4ogdy,y <2m)Okd01 - - - dO—1

(2m)"
= k" dO'k((sl, o 76k) h(p1u07p2u517 e 7pku51+"~+5k_1)
k
[Te 7P P1p(pio1, pi, piv1s 6io1, 0)pidpi,  (18)
i=1

where the function H is defined by the equality (4).

This last equality provides us the point (ii) of Theorem 1 and replacing h by 1, we obtain the
point (i).

O
Proof of Corollary 1. Let us first notice that for every (zi,--- ,zp) € Ay,
1< 1
Va(D(zy,- - ,x3)) = 3 2 Sn) sin(di)pi(pi_l sin(d;) + pit1 sin(d;—1) — p;sin(d;—1 + 9;)), (19)
and
k
VDG, o) = =3 ! (i1 8In(6;) + pi1 sin(Si_1) — pysin(Bs_1 + 5)120)
1 1, s Lk 2 - sin(di_l)sin(di) i—1 7 i+1 1—1 ) i—1 i
k
1 1—cos(0;) 1—cos(d;—1)
= = i . 21
2 ;p < Sin((si) + sin(di_l) ( )



The point (ii) (resp. (iii)) then is easily obtained by applying the equality (18) to
h('rlv T 733k) = 1{V2(D(:z:1,-~- Tk )) >t}
(resp. (w1, ,2k) = Ly (D(w1,,2p))>t})- As for point (i), let us apply the equality (12) to
h(ilfl, cee ,.Z'k) = G_Av(ml’m ’xk), A Z 0.

Let us notice that if No = {x1,--- , 2%}, we have V(x1,--- ,z1) = Vo(F(C(0))).
Consequently, we obtain

_ L[ -
E{l{No(C(O))zk}e AVQ(F(C(O)))} = y/e WDV @rm)y g (2, - ag)day -+ - dy.

We take the change of variables x} = v/ A+ 1z;, 1 <1i <k, to deduce that

- L 1 —V(z1,,x
E{l{NO(C(O)):k}e AVQ(]-'(C(O)))} _ (A+1)kﬂ/€ V@)1, (2, n)den - dag
1
(No(C0) = B} 7

So conditionally to the event {Ny(C'(0)) = k}, the Laplace transform of the distribution of
Va(F(C(0))) is exactly (A +1)7%, X > 0, i.e. Vo(F(C(0))) is Gamma distributed with parame-
ters (k,1).

|

3 Proofs of Theorem 2 and Corollary 2.

For all z € R?, let us define D’(x) as the half-plane containing the origin delimited by the line
H(x). We then denote for every 1, -- ,z3 € R?,
D'(z1,- ,x) = D(x1)N---ND'(xy) =D(2w1,- - ,214).

Let N be the (random) set of all points x € ®' such that H(z) intersects the boundary of the
Crofton cell Cj.

Proposition 2 For every k > 3 and every bounded and measurable function h : R¥ — R invariant
by permutation, we have

1
E{I{No(cé)=k}h(N6)} =7 /(h'lAk)(ﬂfl,"' , o) exp{=Vi(D'(x1,- - ,xp)) }dwy - dwg.  (22)
Proof. As for Proposition 1, we apply Slivnyak’s formula to obtain

E {1{No(c(g)=k}h(/\/6)}
B 1
Tkl

We can easily verify (see e.g. [7]) that
P{H(y)ND'(z1, - ,23) =0Vy € ®'} = P{D'(z1, -~ ,zx) C Co}
= exp{-Vi(D'(w1,--- ,zx))}- (24)

Inserting the equality (24) in (23), we deduce Proposition 2.

h(xlv e 7$k)1Ak($17 o 7xk)P{H(y) ﬂD/($1, e 733/@) = @ vy € @,}d-rl ce d$k(23)



Proofs of Theorem 2 and Corollary 2. Let us recall that

: L& (1—cos(8) | 1 cos(diiy)
W(D(ﬂn,...,xk))—;pz( N AT >,

(25)

and

1

Va(D' (21, ) = sin(0;_1) sin(;)

pi(pi—1sin(8;) + piy1sin(d;_1) — pisin(d;_1 + 8;)). (26)

N
]~

=1

It then suffices to insert in (22) the results (15) and (25) to obtain the two points of Theorem 2.
The proof of Corollary 2 is also analogous to the Voronoi case. In particular, point (i) is deduced
from a calculation of the Laplace transform of the distribution of the perimeter of C{, conditioned
by the event {No(C{)) =k}, k > 3:
1

E {1{N0(06)=k}€_)\‘/1(06)} =P{No(Cp) =k} - m, A=>0.
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