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Abstract

This paper establishes a central limit theorem and an invariance
principle for a wide class of stationary random fields under natural
and easily verifiable conditions. More precisely, we deal with random
fields of the form X = ¢ (Ek,s,s € Zd), k € Z% where (g;);czq are
i.i.d random variables and ¢ is a measurable function. Such kind of
spatial processes provides a general framework for stationary ergodic
random fields. Under a short-range dependence condition, we show
that the central limit theorem holds without any assumption on the
underlying domain on which the process is observed. A limit theorem

for the sample auto-covariance function is also established.
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1 Introduction

Central limit theory plays a fundamental role in statistical inference of ran-

dom fields. There have been a substantial literature for central limit theorems



of random fields under various dependence conditions. See [1], [2], [3], [4],
6], [7], [14], [16], [21], [22], [23], [24], |25], |26], among others. However,
many of them require that the underlying random fields have very special
structures such as Gaussian, linear, Markovian or strong mixing of various
types. In applications those structural assumptions can be violated, or not
easily verifiable.

In this paper we consider stationary random fields which are viewed as
nonlinear transforms of independent and identically distributed (iid) random
variables. Based on that representation we introduce dependence measures
and establish a central limit theorem and an invariance principle. We assume
that the random field (X;);cz« has the form

Xi =g (61'—5; s € Z’d) ) 1€ Zd7 (1)

where (€;);ez¢ are iid random variables and g is a measurable function. In
the one-dimensional case (d = 1) the model (1) is well known and includes
linear as well as many widely used nonlinear time series models as special
cases. In Section 2 based on (1) we shall introduce dependence measures.
It turns out that, with our dependence measure, central limit theorems and
moment inequalities can be established in a very elegant and natural way.
The rest of the paper is organized as follows. In Section 3 we present a

central limit theorem and an invariance principle for

Sr=>_ X,
il
where I is a finite subset of Z¢ which grows to infinity. The proof of our The-
orem 1 is based on a central limit theorem for m,-dependent random fields
established by Heinrich [15]. Unlike most existing results on central limit
theorems for random fields which require certain regularity conditions on the
boundary of I'; Heinrich’s central limit theorem (and consequently our The-

orem 1) has the very interesting property that no condition on the boundary



of I" is needed, and the central limit theorem holds under the minimal con-
dition that |T'| — oo, where |T'| the cardinal of T". This is a very attractive
property in spatial applications in which the underlying observation domains
can be quite irregular. As an application, we establish a central limit theorem
for sample auto-covariances. Section 3 also present an invariance principle.

Proofs are provided in Section 4.

2 Examples and Dependence Measures

In (1), we can interpret (£5)4ez4¢ as the input random field, g is a transform or
map and (X;);cze as the output random field. Based on this interpretation,
we define dependence measure as follows: let (5;) jeza be an iid copy of (¢;) jeza
and consider for any positive integer n the coupled version X} of X; defined
by

X.*:g(a* 'SEZd),

where for any j in Z¢,

g = { K lfj 70

J gy if7=0.
Recall that a Young function v is a real convex nondecreasing function de-
fined on R™ which satisfies lim; .. (t) = oo and ¥(0) = 0. We define the
Orlicz space L, as the space of real random variables Z defined on the prob-
ability space (2, F,P) such that E[(|Z]/c)] < +oo for some ¢ > 0. The
Orlicz space Ly equipped with the so-called Luxemburg norm ||.||, defined

for any real random variable Z by
1Z]|y = inf{c > 0; E[¢(|Z]/c)] <1}

is a Banach space. For more about Young functions and Orlicz spaces one
can refer to Krasnosel’skil and Rutickii [17].
Following Wu [31], we introduce the following dependence measures which

are directly related to the underlying processes.



Definition 1 (Physical dependence measure). Let ¢ be a Young function
and i in Z¢ be fived. If X; belongs to Ly, we define the physical dependence
measure 0; by

Oip = | Xi = X7 [u-

If p €]0,4+00] and X; belongs to LP, we denote 0, = || X; — X}]|,-

Physical dependence measure should be seen as a measure of the depen-
dence of the function g (defined by (1)) in the coordinate zero. In math-
ematical physics, various versions of similar ideas (local perturbation of a
configuration) appear. One can refer for example to Liggett [20] or Stroock
and Zegarlinski [28].

Definition 2 (Stability). We say that the random field X defined by (1) is
p-stable if

A, = Z 0ip < 00.

i€Z4

As an illustration, we give some examples of p-stable spatial processes.

Example 1. (Linear random fields) Let (g;);cze be i.i.d random variables
with ¢; in IL?, p > 2. The linear random field X defined for any k in Z¢ by

Xk: E As€f—g
s€Z4

is of the form (1) with a linear functional g. For any i in Z%, §;, = |a;||le0 —

Eollp- So, X is p-stable if
Z la;| < oo.

i€Z4
Clearly, if K is a Lipschitz continuous function, under the above condition,
the subordinated process Y; = K(X;) is also p-stable since d;, = O(|a;]).

Example 2. (Volterra field) Another class of nonlinear random field is the

Volterra process which plays an important role in the nonlinear system theory



(Casti [5], Rugh [27]): consider the second order Volterra process
Xk - Z a81752€k—81€k—827
s1,59€7Z4

where ag, 5, are real coefficients with a,, ,, = 0if 51 = sy and ¢; in L?, p > 2.
Let

A, = Z (ozzh,€ +ai782) and By, = Z (las, xP + |ak.s,|7)-

51,82€7Z% 51,82€Z4

By the Rosenthal inequality, there exists a constant C}, > 0 such that

* 1/2 1
Sy = 11Xk — Xillp < CoA €02l 20llp + Cp By lleo] 2

3 Main Results

To establish a central limit theorem for Sr we need the following moment
inequality. With the physical dependence measure, it turns out that the

moment bound can have an elegant and concise form.

Proposition 1. Let I' be a finite subset of Z¢ and (a;)icr be a family of real

numbers. For any p > 2, we have

1
Z%’Xi < <2p2a?> A,
p

i€l el

where A, =" 74 0ip.
In the sequel, for any 4 in Z¢, we denote ¢; in place of d; .

Proposition 2. If Ay := 3", ;. 0; < oo then Y, a4 |E(XoX}))| < co. More-
over, if (['y)n>1 48 a sequence of finite subsets of Z such that || goes to

infinity and |OL,|/|Ts| goes to zero then

lim [T, T'E(SE,) = > E(XoXk). (2)

n—-+o00
kezd



3.1 Central Limit Theorem

Our first main result is the following central limit theorem.

Theorem 1. Let (X;);cza be the stationary centered random field defined by
(1) satisfying Ny == >, 74 0; < 0o0. Assume that o2 := E (SE ) — co. Let
(Tp)n>1 be a sequence of finite subsets of Z? such that |T',| — oo, then the

Levy distance
L[St /\/|Tul, N(0,02/|T,])] — 0 as n — oo. (3)

We emphasize that in Theorem 1 no condition on the domains I'), is
imposed other than the natural one |I';,| — oco. Applying Proposition 2, if
0L,,|/|T| goes to zero and 02 := )", ;. E(XoXy) > 0 then

jﬁj_n‘ £ N(0.0%).
Theorem 1 can be applied to the mean estimation problem: suppose that
a stationary random field X; with unknown mean p = EX; is observed on
the domain I". Then u can be estimated by the sample mean 1 = Sp/|T'| and
a confidence interval for fi can be constructed if there is a consistent estimate
for var(Sr)/|T|.
Interestingly, the Theorem can also be applied to the estimation of auto-

covariance functions. For k € Z¢ let
Y = cov(Xo, Xi) = E(XoX;) — . (4)

Assume X is observed over i € ' and let Z={i € I': ¢ +k € I'}. Then

can be estimated by
. 1 9
Ve = ﬁ ZXiXi+k — K. (5)
ez
To apply Theorem 1, we need to compute the physical dependence measure
for the process Y; := X; X, 41,7 € Z%. It turns out that the dependence for Y;

6



can be easily obtained from that of X;. Note that

Oip2(Y) = [ XiXipn — X7 X kllps2
< HXiXi+k - XiXi*—i—ka/Q + HXiXi*-i-k - Xi*X;-kHP/Q
< I XillpGivrp + Gipll X7kl = [ Xollp(igrp + Gip)-

Hence, if Ay = ", 54 6i4 < 00, we have ;1 0;2(Y) < oo and the central
limit theorem for ) . - X;X;,+/|Z| holds if |Z| — oo.

3.2 Invariance Principles

Now, we are going to see that an invariance principle holds too. If A is a

collection of Borel subsets of [0, 1]¢, define the smoothed partial sum process

{Sn(A); A€ A} by

Su(A) = > AnANR)X; (6)

where R; =|iy — 1,41] X ...x]ig — 1,44] is the unit cube with upper corner
at i, A is the Lebesgue measure on R? and X; is defined by (1). We equip
the collection A with the pseudo-metric p defined for any A, B in A by
p(A, B) = \/A(AAB). To measure the size of A one considers the metric en-
tropy: denote by H(A, p,¢) the logarithm of the smallest number N (A, p,¢)
of open balls of radius € with respect to p which form a covering of A. The
function H(A, p,.) is the entropy of the class A. Let C(A) be the space
of continuous real functions on A, equipped with the norm ||.|| 4 defined by

[f1la = supaca |l f(A)]
A standard Brownian motion indexed by A is a mean zero Gaussian process

W with sample paths in C(A) and Cov(W(A), W (B)) = M(AN B). From

Dudley [10] we know that such a process exists if

/lx/H(A,p,e) de < 400. (7)



We say that the invariance principle or functional central limit theorem
(FCLT) holds if the sequence {n=%25,(A); A € A} converges in distribu-
tion to an A-indexed Brownian motion in the space (LA). The first weak
convergence results for Qu-indexed partial sum processes were established
for i.i.d. random fields and for the collection Q, of lower-left quadrants in
[0, 1]¢, that is to say the collection {[0,#] x ... x [0,%4]; (t1,...,ts) € [0, 1]4}.
They were proved by Wichura [30] under a finite variance condition and
earlier by Kuelbs [18| under additional moment restrictions. When the di-
mension d is reduced to one, these results coincide with the original invari-
ance principle of Donsker [9]. Dedecker [8] gave an LL*°-projective criterion
for the process {n~%2S,(A); A € A} to converge in the space C(A) to a
mixture of A-indexed Brownian motions when the collection A satisfies only
the entropy condition (7). This projective criterion is valid for martingale-
difference bounded random fields and provides a sufficient condition for ¢-
mixing bounded random fields. For unbounded random fields, the result still
holds provided that the metric entropy condition on the class A is reinforced
(see [11]). Tt is shown in [13] that the FCLT may be not valid for p-integrable
martingale-difference random fields (0 < p < +o00) but it still holds if the
conditional variances of the martingale-difference random field are assumed
to be bounded a.s. (see [12]). In this paper, we are going to establish the
FCLT for random fields of the form (1) (see Theorem 2).

Following [29], we recall the definition of Vapnik-Chervonenkis classes (V C-
classes) of sets: let C be a collection of subsets of a set X'. An arbitrary set
of n points F,, := {x1,...,z,} possesses 2" subsets. Say that C picks out a
certain subset from F;, if this can be formed as a set of the form C'N F), for a
C'in C. The collection C is said to shatter F), if each of its 2" subsets can be
picked out in this manner. The VC-index V(C) of the class C is the smallest
n for which no set of size n is shattered by C. Clearly, the more refined C is,

the larger is its index. Formally, we have

V(C) = inf {n; max A, (C,xq,...,x,) < 2”}



where A, (C, 21, ...,2,) = #{C N{z1,...,xz,}; C € C}. Two classical exam-
ples of VC-classes are the collection Q; = {[0,#]; ¢ € [0,1]?} and Q) =
{[5, t];s,t€[0,1]% s < t} with index d + 1 and 2d + 1 respectively (where
s < t means s; < t; for any 1 < ¢ < d). Fore more about Vapnik-

Chervonenkis classes of sets, one can refer to [29].

Let 8 > 0 and hg = ((1 — B)/B)% Nio<p<1y. We denote by 1)g the Young

function defined by v(z) = e+t — e"s for any z in RT.

Theorem 2. Let (X;);cza be the stationary centered random field defined by
(1) and let A be a collection of reqular Borel subsets of [0,1]¢. Assume that

one of the following condition holds:

(1) The collection A is a Vapnik-Chervonenkis class with indez V' and there
exists p > 2(V — 1) such that Xy belongs to P and Ay := 3", ;4 0ip <

Q.

(i3) There exists § > 0 and 0 < q < 2 such that Elexp(0]|X,|??)] < oo
where B(q) = 2q/(2—q) and Ay, =D icza Oipy,, < 00 and such that

the class A satisfies the condition
1
/ (H(A, p,)"" de < +oc. (8)
0
(7i1) Xo belongs to L™=, the class A satisfies the condition (7) and Ay =

ZiGZd (51'700 < Q.

Then the sequence of processes {n~%2S,(A); A € A} converges in distribu-
tion in C(A) to oW where W is a standard Brownian motion indexed by A
and 0% =3, 70 E(XoXg).



4 Proofs
Proof of Proposition 1. Let 7 : Z — Z% be a bijection. For any i € Z, for any
j €zt

PX; = E(XG|F) — E(X;[Fia) (9)

where F;, = o (57(1);1 < 7,)

Lemma 1. For any i in Z and any j in Z%, we have ||P;X;|, < 0;—r(i)p-
Proof of Lemma 1.
12X, = [T(XG1F:) — B[ F)ll,
= |E(Xo|TVF) = E(Xo|T?Fia)||, where TVF; = 0 (g,0)-531 < i)
= |E (g ((e—s)seza) [T Fi) — E (9 ((Efs)sezd\{jff(i)}; 6;—(i)—j) ’Tj]:i>

< ||g ((e-s)seza) — g ((5—s)seZd\{j—T(i)}; 5;@)—]‘)

p

=19 ((5j—r(i)—s)sEZd) -9 ((ej—T(i)—s>sEZ’1\{j—T(i)}; 80> Hp
= [| X)) — Xi_o0|

p
= 0j—r(i) p-

The proof of Lemma 1 is complete.

For all j in Z¢,

X; =Y PX;
i€z
Consequently,
Zanj = Zajzpixj = ZzajPin
jer JET i€z i€Z jer

p p p

10

p



Since (Z jer ajRXj) is a martingale-difference sequence, by Burkholder
i€z

inequality, we have

ZCLij < QPZ
p

2

1 1
2 2\ 2
> a;PX; <|2p) (Zlajl HPz'Xij)

jer iez || jer » i€z \jer
(10)
By the Cauchy-Schwarz inequality, we have
2
(Saiinn,) < (Sammsn,) (S,
jET j€T jer
and by Lemma 1,
Z 12X < Z Oj—r(i)p = Dp-
jezd jezd
So, we obtain
1
2
o) < (32,8 Inx),)
Jer » jer i€Z
Applying again Lemma 1, for any j in Z?, we have
Z 1PiX;lp < Z(Sj*T(i),p = Ay,
i€Z i€z
Finally, we derive
1
2
Zanj < <2pZa§) A,
jer P jer
The proof of Proposition 1 is complete.
Proof of Proposition 2. Let k in Z% be fixed. Since X, = ZiEZ P, X, where

P; is defined by (9) and E((P,X0)(P;X))) = 0if i # j, we have

E(XoXx) = Y E((PXo)(PX4)).

1€EZL

11



Thus, we obtain
D IEXoXD) <D IR Xolla Y 1PXkl.
kezd 1EZ kezd

Applying again Lemma 1, we derive Y, . [E(XoX})| < Af < oo.

In the other part, since (Xj)eza is stationary, we have

L 'E(SE,) = Y [Tal 0w 0 (T = R)|E(Xo X)

kezd

where I', — k= {i—k; i€ l,}. Moreover

Tl T 0 (T = B)IE(XoX0)| < [E(XoXi)| and Y [E(XX,)| < oo.
kezd
Since lim,, o |T| YT, N (T, — k)| = 1, applying the Lebesgue convergence
theorem, we derive

lim [T, "'E(SE) = E(XoXy).

n—-+o0o
kezd

The proof of Proposition 2 is complete.

Proof of Theorem 1. We first assume that liminf, ¢2/|T,| > 0. Let (m,)n>1
be a sequence of positive integers going to infinity. In the sequel, we denote
X; = E(X;|Fm,.(5)) where F,. (4) = o(gj_s; |s| < my,). By factorization,
there exists a measurable function h such that X; = h(g;_,; |s| < m,). So,

we have

X5 = hiej; Is| < ma) =E(X;| 7, () (11)

where F, (j) = o(e5_,; [s| < my). We denote also for any j in 27,

i) = (X, (X; - X,)*

.
The following result is a direct consequence of Proposition 1.

12



Proposition 3. Let I be a finite subset of Z¢ and (a;)icr be a family of real

numbers. For any n in N* and any p € (2, +00], we have

1
3
< <2p2a?> A;mn)

el

Z a;(X; — X;)

p

where AJ™) = > jend g,

J?p

We need also the following lemma.

Lemma 2. Let p €]0, +00] be fized. If A, < 0o then A 50 as n — oo.

Proof of Lemma 2. Let j in Z% be fixed. Since (X; — X;)* = X7 — X

j7
we have
5y = 110G =X5) = (X = X, < 1% = X1l + 1K = X,
= 0jp + [B(X|Fm, (5) V Fr, (7)) = E(XTIFL, () V P, G)
< 20,
(mn)
5j,p
theorem, we obtain lim,, Afgm") = 0. The proof of Lemma 2 is complete.

Moreover, lim,, = 0. Finally, applying the Lebesgue convergence

Let (T'),)n>1 be a sequence of finite subsets of Z¢ such that lim,, ., || = o0
o
[Tnl
Proposition 3 and Lemma 2, we have

and lim inf,, > ( and recall that A, is assumed to be finite. Combining

lim sup —Hsn — SnH2 =

n—+o0o On

(12)

We are going to apply the following central limit theorem due to Heinrich
(|15], Theorem 2).

Theorem 3 (Heinrich (1988)). Let (I'y)n>1 be a sequence of finite subsets
of Z% with |T',| — o0 as n — oo and let (my,),>1 be a sequence of positive

integers. For each n > 1, let {U,(j),j € Z%} be an m,-dependent random

13



2
field with U, (j) = 0 for all j in Z%. Assume that E (Zjern Un(j)> — o

as n — oo with 0 < oo. Then Y. .. U,(j) converges in distribution to a

jel'n
Gaussian random variable with mean zero and variance o if there exists a

finite constant ¢ > 0 such that for any n > 1,
> EUIG) <
jely

and for any € > 0 it holds that

2d
HETOOL = My Z ( \Un<j>|zsm;2d> = 0.

j€ln

Since lim inf,, > 0, there exists ¢y > 0 and ng € N such that ‘ I < ¢

|F |
for any n > ng. Consider S, = 3, . Xj, S, = D el X; and U, (j ) =X

We have )
—2
. E(S,,) — o2
VSN

So, for any n > ng we derive
02 —E(S,)| _ _
— s — s B X=X [ DX+ X))

" " JEln J€Tn
1 —
=11 - X))

2
o
n||ljely,

<

2 ]an

<4A2 + 2A§mn>)

2
_ 2nag

< deeAT™ <2A2 + Agm”)) o

n—-+00

Consequently,

Jim E (Z Un(j)> =1

Jj€ln

14



Moreover, for any n > ny,

I|E
> EUZ(j w < E(X2) < 0.
j€l, U”

Let € > 0 be fixed. We have

La(e) < comE | X210 < com, B | X5 1
(&) < comy; ( 0 {Xo|z;°5a}> SO k)

< com2io,P (IXo! z ) + comy'E (X§ g x0/>var))

) n
S COEié(U) T m2dw<\/—>

where ¥(z) = E (X3 1yjx,>0})-

Lemma 3. If the sequence (mn)nzl i1s defined for any integer n > 1 by

my, = min{[zﬂ (\/a_n) Z‘%] [ #ﬁd]} if ¥(y/on) # 0 and by m, = [GT{Tld] if

W(\/T,) = 0 where [.] is the integer part function then

6d
My, — 00, "0 and mPhp(\/,) — 0.
on

Proof of Lemma 3. Since o,, — oo and 1(,/7,) — 0, we derive m,, — 0.

Moreover,
6d
T« 2 50 and m2y (Vo) < /v (Vo) — 0.

On N

The proof of Lemma 3 is complete.

Consequently, we obtain lim,, ., L,(¢) = 0. So, applying Theorem 3, we
derive that

On _taw N(0,1). (13)

On n—-+oo

Combining (12) and (13), we deduce

& Law N((), 1)

On, n—-+oo

15



Hence (3) holds if liminf, 02/|T,| > 0. In the general case, we argue as
follows: If (3) does not hold then there exists a subsequence n’ — oo such
that

S o2 .
L|——=, N[0, converges to some [ in |0, +00]. (14)

\V |Fn/’ |Fn/|

2
Assume that does not converge to zero. Then there exists a subsequence
TL

n” such that liminf, > (0. By the first part of the proof of Theorem 1,

\ F

L5y (0, e t0 0 (15)
, , —2— converges to 0.
\V ’Pn”| |Fn"|

a?,

Since (15) contradicts (14), we have 7 converges to zero. Consequently

n

Sn'/\/|T,/| converges to zero in probability and L {

we obtain

2

, ‘F )| con-

\/|r_

verges to 0 which contradicts again (14). Consequently, (3) holds. The proof

, N <O
of Theorem 1 is then complete.

Proof of Theorem 2. As usual, we have to prove the convergence of
the finite-dimensional laws and the tightness of the partial sum process
{n=428,(A); A € A} in C(A). For any Borel subset A of [0,1]¢, we de-
note by I',(A) the finite subset of Z¢ defined by T',,(A) = nANZ< We say
that A is a regular Borel set if A\(0A) = 0.

Proposition 4. Let A be a regular Borel subset of [0,1]¢ with A\(A) > 0. We

have

. Ta(4)] _ 0L (A)|
Jm e =AM and - lim S =0
Moreover, if Aq is finite then
lim n~%2||S,(A) = Sr,(4)ll2 = 0 (16)

n—-+00

where SFn(A) = Ziern(A) X.

16



Proof of Proposition 4. The first part of Proposition 4 is the first part of
Lemma 2 in Dedecker [8]. So, we are going to prove only the second part.

Let n be a positive integer. Arguing as in Dedecker [8|, we have

Sn(A) = Sp,a) = Z a; X; (17)

1€Wnp
where a; = A(RANR;) — Licr, (a) and W, is the set of all 4 in {1,..,n}¢ such
that R; N (nA) # 0 and R; N (nA)¢ # 0. Noting that |a;] < 1 and applying

Proposition 1, we obtain
I$0(4) = Sl <280 |3 a7 < 285/ (13)
W,

Following the proof of Lemma 2 in [8], we have |W,| = o(n?) and we derive
(16). The proof of Proposition 4 is complete.
The convergence of the finite-dimensional laws follows from Proposition 4

and Theorem 1.

So, it suffices to establish the tightness property.

Proposition 5. Assume that Assumption (i), (ii) or (iit) in Theorem 2

holds. Then for any x > 0, we have

limlimsupP | sup ‘n’d/QSn(A) — n’d/QSn(B)| >z | =0. (19)
020 pnos+too A,BeEA
p(A,B)<é

Proof of Proposition 5. Let A and B be fixed in A and recall that

p(A, B) = \/A(AAB). We have

Su(A) = Su(B) = > a;X;

i€AR

where A, = {1,...,n}% and a; = A(nAN R;) — A\(nB N R;). Applying Propo-

17



sition 1, we have

n‘d/ZHSn(A)—Sn(B)||p§Ap( PN An(AAB) N Ry) ) < /2pA,p(A, B).

€A,

(20)
Assume that Assumption (¢) in Theorem 2 holds. Then there exists a positive
constant K such that for any 0 < € < 1, we have (see Van der Vaart and
Wellner |29], Theorem 2.6.4)

V1)
N(A p.) < KV (de)" (%)

where N (A, p, ) is the smallest number of open balls of radius e with respect

to p which form a covering of A. So, since p > 2(V — 1), we have

/01 (N(A,p, 6))% de < +00. (21)

Combining (20) and (21) and applying Theorem 11.6 in Ledoux and Tala-
grand [19], we infer that the sequence {n=%2S,(A); A € A} satisfies the
following property: for each positive € there exists a positive real §, depend-
ing on € and on the value of the entropy integral (21) but not on n, such
that

E | sup |n ¥2S,(A)—n"¥25,(B)|| <e. (22)

o(4.B)<s

The condition (19) is then satisfied under Assumption (7) in Theorem 2 and
the sequence of processes {n~%25,,(A); A € A} is tight in C(A).

Now, we assume that Assumption (i7) in Theorem 2 holds. The follow-
ing technical lemma can be obtained using the expansion of the exponential

function.

Lemma 4. Let 3 be a positive real number and Z be a real random variable.

There exist positive universal constants Ag and Bg depending only on B such
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that HZ|| HZ‘|
Ajg su P <z < Bg su =
’ p>123 Pl/ﬁ - H Hwﬁ - g p>12) Pl/B

Combining Lemma 4 with (20), for any 0 < ¢ < 2, there exists C, > 0
such that
0= 2|8 (A) = Su(B)lly, < Coly,,p(A, B) (23)

where 5(q) = 2q/(2 — ¢q). Applying Theorem 11.6 in Ledoux and Talagrand
[19], for each positive € there exists a positive real 0, depending on € and on
the value of the entropy integral (8) but not on n, such that (22) holds. The
condition (19) is then satisfied and the process {n~%2S,(A); A € A} is tight
in C(A).

Finally, if Assumption (i7i) in Theorem 2 holds then combining Lemma 4
with (20), there exists C' > 0 such that

Hn_d/QSn(A) - n_d/zSn(B)Hw2 < CALp(A, B). (24)

Applying again Theorem 11.6 in Ledoux and Talagrand [19], we obtain the
tightness of the process {n=%25,(A); A € A} in C(A). The proofs of Propo-

sition 5 and Theorem 2 are complete. 0

Acknowledgments. The authors thank an anonymous referee for his\her
constructive comments and Olivier Durieu and Hermine Biermé for pointing

us a mistake in the first version of the proof of Theorem 1.
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