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Abstract

We establish the asymptotic normality of the regression estimator
in a fixed-design setting when the errors are given by a field of depen-
dent random variables. The result applies to martingale-difference or
strongly mixing random fields. On this basis, a statistical test that
can be applied to image analysis is also presented.
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1 Introduction and notations

Our aim in this paper is to establish the asymptotic normality of a regression
estimator in a fixed-design setting when the errors are given by a station-
ary field of random variables which show spatial interaction. Let Z¢, d > 1
denote the integer lattice points in the d-dimensional Euclidean space. By
a stationary random field we mean any family (eg)peze of real-valued ran-
dom variables defined on a probability space (2, F,P) such that for any
(k,n) € Z¢ x N* and any (iy, ..., i,) € (Z%)", the random vectors (g;,, ..., ;,)
and (€, 1k, -, €i,+%) have the same law. The regression model which we are
interested in is

Y; =g(i/n) +e, i€M,={1,.,n}" (1)

where ¢ is an unknown smooth function and (&;);cz« is a zero mean and
square-integrable stationary random field. Let K be a probability kernel



defined on R? and (h,,),>1 a sequence of positive numbers which converges
to zero and which satisfies (nh,,),>1 goes to infinity. We estimate the function
g by the kernel-type estimator g, defined for any z in [0, 1]¢ by

()

€Ay

gu(2) = S r (=) 2)

1€AR

In a previous paper, El Machkouri [10] obtained strong convergence of the
estimator g,(z) with optimal rate. However, most of existing theoretical
nonparametric results for dependent random variables pertain to time series
(see Bosq [4]) and relatively few generalisations to the spatial domain are
available. Key references on this topic are Biau 2], Carbon et al. [5], Carbon
et al. [6], Hallin et al. [12], [13], Tran [26], Tran and Yakowitz [27] and
Yao [29] who have investigated nonparametric density estimation for random
fields and Altman [1], Biau and Cadre [3|, Hallin et al. [14] and Lu and
Chen [17], [18] who have studied spatial prediction and spatial regression
estimation.

Let p be the law of the stationary real random field (ex)rcze and consider
the projection f from RZ" to R defined by f(w) = wp and the family of
translation operators (T%),czq from RZ to RZ’ defined by (T"(w)); = wisk
for any k € Z% and any w in RZ’. Denote by B the Borel o-algebra of R.
The random field (f o T*),.cz4 defined on the probability space (RZ, B2, 1)
is stationary with the same law as (&)cz4, hence, without loss of generality,
one can suppose that (Q, F,P) = (RZ", B2 1) and g, = f o T*. An element
A of F is said to be invariant if T%(A) = A for any k € Z%. We denote by
T the o-algebra of all measurable invariant sets. On the lattice Z¢ we define
the lexicographic order as follows: if i = (i1,...,7¢) and j = (j1,...,Ja) are
distinct elements of Z¢, the notation i <;, j means that either i; < j; or
for some p in {2,3,...,d}, i, < j, and i, = j, for 1 < ¢ < p. Let the sets
{VF¥:i€eZ, k€ N*} be defined as follows:

‘/il = {] € Zd; ] <lex 2})
and for k > 2

Vi=Vin{g ez li—jl 2k} where [i—j|=max[i —ji

For any subset I' of Z? define Fr = o(g;; i € ') and set

E|k\(5z') = E(&?i‘fvi\k\), ke Vil.
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Note that Dedecker [8] established the central limit theorem for any station-
ary square-integrable random field (g;,),cz¢ Which satisfies the condition

> llerEi(e0)lh < oo. (3)

kevy

A real random field (Xj)geze is said to be a martingale-difference random
field if for any m in Z%, E(X,,|0(Xy; k <jee. m)) = 0 a.s. The condition
(3) is satisfied by martingale-difference random fields. Nahapetian and Pet-
rosian [21] defined a large class of Gibbs random fields (&x),cza satisfying the
stronger martingale-difference property: E(&, |o(&; k# m)) =0 a.s. for
any m in Z%. Moreover, for these models, phase transition may occur (see
[19],[20]).

Given two sub-c-algebras U and V), different measures of their dependence
have been considered in the literature. We are interested by one of them. The

strong mixing (or a-mixing) coefficient has been introduced by Rosenblatt
[25] and is defined by

aUd, V) = sup{|B(U N V) — BUB(V)|, U €U, V € V).

Denote by #I" the cardinality of any subset I of Z¢. In the sequel, we shall
use the following non-uniform mixing coefficients defined for any (k,l,n) in
(N* U {o0})? x N by

ak,l(n) = sup {a(frl7fr2)7 url < k), er? < la p(FhF?) > TL},

where the distance p is defined by p(T'y, ') = min{|i — j|, i € T'y, j € T's}.
We say that the random field (ej)ezae is strongly mixing (or a-mixing) if
there exists a pair (k,1) in (N* U {oo0})? such that lim,, ., ay;(n) = 0.

The condition (3) is satisfied by strongly mixing random fields. For example,
one can construct stationary Gaussian random fields with a sufficiently large
polynomial decay of correlation such that (5) holds ([9], p. 59, Corollary 2).

2 Main results

First, we recall the concept of stability introduced by Rényi [22].

Definition. Let (X,,),>0 be a sequence of real random variables and let X be
defined on some extension of the underlying probability space (Q, A, P). Let
U be a sub-o-algebra of A. Then (X,,)n>0 is said to converge U-stably to X
if for any continuous bounded function ¢ and any bounded and U-measurable
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variable Z we have lim,, . E (p(X,)Z) = E (p(X)Z).

For any B > 0, we denote by C!(B) the set of real functions f continuously
differentiable on [0, 1]¢ such that

sup max |[Dq(f)(z)| < B,
x€[0,1]¢ aeM

9% f

- o ag
Ox{"... 0x

d
and M:{a:(ai)iENd;o}:Zaigl}.

=1

In the sequel we denote ||z]| = max;<z<q|z)| for any z = (21, ..., 74) € [0, 1]<.
We make the following assumptions on the regression function g and the
probability kernel K:

A1) The probability kernel K fulfils [ K(u)du = 1 and [ K*(u)du < oo.
K is also symmetric, non-negative, supported by [—1, 1]¢ and satisfies a
Lipschitz condition |K (x) — K (y)| < r|lz—y|| for any z,y € [~1, 1]¢ and
some 7 > 0. In addition there exists ¢, C' > 0 such that ¢ < K(z) < C
for any z € [—1,1]%.

A2) There exists B > 0 such that g belongs to C*(B).
We consider also the notations:
o’= [ K*u)du and 7= Z E(eoer|Z).
Re kezd
The following proposition (see [10]) gives the convergence of Eg,(z) to g(z).

Proposition 1 Assume that the assumption A2) holds then

sup  sup |Egu(z) — g(z)| = O [ha].
x€[0,1]¢ geC1(B)

By proposition 3 in [8], we know that under condition (3), the random vari-
able 7 belongs to L'. Our main result is the following.

Main theorem. If nh®™' — oo and the condition (3) holds then for any
k € N* and any distinct points x1, ...,y in [0, 1], the sequence

gn(xl) - Egn(xl) 7—(1)

— £ s V1 : (Z-stably)
n——+00 T(k)

(nhn)d/2 :
gn(xk) - Egn(xk)



where 0% = [o, K?(u) du and (79)1<;<p, ~ N(0,1;,) where Ly is the identity
matriz. Moreover, (T0)1<;<x is independent of n =", 54 E(coer|T).

As a consequence of this theorem, we obtain the following result for strongly
mixing random fields.

Corollary. Let us consider the following assumption

1,00 ([Kl)
3 / Q (u) du < o (@)
kezd 0

where ()., denotes the cadlag inverse of the function H., : t — P (|eo| > t).
Then (4) implies (3) and also the main theorem.

Remark. If ¢; is (2 + J)-integrable for some § > 0 then the condition
Zmd 1@(15/03+6 (m) < o0 (5)

is more restrictive than condition (4).

In order to use the main theorem for establishing confidence intervals, one
needs to estimate 7. It is done by the following result established in [§].

Proposition 2 Assume that the condition (3) holds. For any N € N*, set
Gy = {(i,5) € Ay x Ay i — j| < N} Let p, be a sequence of positive
integers satisfying:

lim p, =+oco and lim p**E(e3(1 An"%3) =0

n—-+4oo n—-+oo
Then
1 P
ﬁmax 1, Z EiEj mn.
(Zvj)EGPn
3 Proofs

3.1 Proof of the main theorem

Let z in [0,1]? and n > 1 be fixed. For any i in A,,, denote

ai(z) :K(”_hj/ ”) and b(z) = Zj;t)ai(x)'




Denote also

ZZEATL aZ
ZzEA a;(x zEA a;(x

Without loss of generality, we consider the case k = 2 and we refer to x; and
x5 as  and y. Let \; and Ay be two real numbers such that A2 + \2 = 1 and
let z,y € [0, 1]¢ such that x # y. One can notice that

(nhn)d/ 2

g

M1 (gn(2) = Ega(2)) + Aa(ga(y) — Egu(y))] = > 5ilz,y) &

€A,
where §;(z,y) = (M, (2)bi () + Aavn(y)bi(y)) /0.
Lemma 1 Let z,y € [0,1]¢ be ﬁxed. If nh&™! — oo then

and

where 0y equals 1 if x =y and 0 if v # y.

Proof of Lemma 1. In the sequel, we denote ¢(u) = ;7K <z};“> K (%)
and I,(2,y) = [ ya ¥ (u) du, we have

w(,y) 2:/M¢

1€,
= Z AR Z/n (c;) with ¢; € Rin,
i€A,
=) nN(er)
’iEAn
where R;/n, =|(i1 — 1)/n,i1/n] x ...x]|(iq — 1)/n,ig/n] and X is the Lebesgue

measure on R%. Let o, (u) = (v — u)/hn, for any v in [0, 1]¢, we have

U0 @) w)w) = 7= D0 D Gl

Using the assumptions on the kernel K and noting that

1

dip(u) = hd d(K 0 @) (u) X K(py(u)) + d(K o @) (u) X K(@x(u))



we derive that there exists ¢ > 0 such that sup,cjo ¢ [|di(u)]| < chy T,
So, it follows that

dzaz ai( (xy)‘z

5wt/ — v(c)

1€EAR 1€AR
< sup [ldy(u)| D> n7i/n — il
uel0,1]4 ich,
C
—(d+1)
<o
o ieAn
C

= 0.
nhd+l  n—+oo

1 r—u Y—u
]"@’y):/()ldth( hn )K( . )d“
:/ K(u)K(u—i—y_x) du.
¢ ([0,1]) b,

So, by the dominated convergence theorem, we obtain

Moreover,

lim 1,(2,y) = 64y 0

n—-400

and consequently (6) holds. The proof of (7) follows the same lines. The
proof of Lemma 1 is complete. U

Using Lemma 1 and denoting &2, = (A + X2)?0gy + 1 — 04y, we derive
nl_l)IJ’I_loo Z 5 (x,y) = k2, =1 (since z #y).
iehn

So, denoting
y)

@@

it suffices to prove the convergence Z-stably of » _,_, si(x,y) €; to \/n7o where
70 ~ N(0,2). In fact, we are going to adapt the proof of the central limit
theorem by Dedecker [8].

For any 7 in Z%, let us define the tail o-algebra Fi—oo = Ngen+Fyr (we are
going to note F_ in place of Fy ) and consider the following pfoposition
established in [8].



Proposition The o-algebra I is included in the P-completion of F_.

Let f be a one to one map from [1, NJNN* to a finite subset of Z¢ and (&;);cz4
a real random field. For all integers k in [1, N|, we denote

k

N
Siw(€) =D & and  Sj(€) =D &
i=k

i=1

with the convention Sy()(£) = S§y,1)(§) = 0. To describe the set A, =

{1,...,n}%, we define the one to one map f, from [1,nY NN* to A, by: f,
is the unique function such that for 1 < k <1 < n?, f(k) <ier f(I). From
now on, we consider two independent fields (Ti(1)>iezd and (Ti(2)>iezd of i.i.d.
random variables independent of (g;);cze and Z such that Tél) and 752) have
the standard normal law N(0,1). We introduce the two sequences of fields
Xi = si(x,y)e; and v = s4(x, y)73/n where 7; = Ti(l) + Ti(2) ~ N(0,2). Let
h be any function from R to R. For 0 < k < [ < n? 4+ 1, we introduce
hiea(X) = h(Sp) (X) + S5y (7). With the above convention we have that
i na1(X) = h(Spa) (X)) and also hoy(X) = h(S§,(7)). In the sequel, we
will often write hy; instead of hy;(X) and s; instead of s;(z,y). We denote
by Bf(R) the unit ball of C{(R): h belongs to B (R) if and only if it belongs
to C*(R) and satisfies maxg<i<q [|hV |00 < 1.

3.1.1 Lindeberg’s decomposition

Let Z be a Z-measurable random variable bounded by 1. It suffices to prove
that for all h in B}(R),

lim E (Zh(Sja (X)) = E (Zh <()\17(§1) + Azfg”)ﬁ)) .

n—-+00

We use Lindeberg’s decomposition:

B (2 1S5 (X)) = b (" + dars”)vi) | ) =

Now
)
Pk g1 — Pe—1 6 = P g1 — Pe—1 k41 + Pt kr1 — Pi—1 -



Applying Taylor’s formula we get that:
/ 1 "
P ks — b1 ko1 = Xy b1 01 + §X]%(k)hk—l,k+1 + Ry

and )
P11 — Pk = =Yty g1 k1 — i%%ug)hk—l,kﬂ + Tk

where |Ry.| < X7, (LA [Xyw]) and [re] < 77 (LA [ysml). Since (X, 73)iz )
is independent of 7y, it follows that

E <ZVf(k)h;c—1,k+1) =0 and FE (Z%%(k)h;—LkH) =F <Zsi(k)7lh;—1,k+1>

Hence, we obtain

nd

B (2 [h(su(X)) = b (um” + 2em?)viT) | ) = 3 BIZX 0ohi100)

k=1

h//
9 k—1,k+1
+ZE< (XFo = shwm) = )

nd

+ZE(Rk+Tk)-

k=1
Arguing as in Rio [24], it is easily proved that
i B R k) =
Let us denote Cy = [N, N]¢ N Z? for any positive integer N. If we define

NN = Y recy_, E (€0ek|Z), the upper bound E|n—ny| < 2 ZkeVON E|FE (eoek|T) |
holds. Hence according to condition (3) and the above proposition, we derive
limpy 400 E|n — 77N‘ = 0 and consequently we have only to show

h//_
lim hmsupz ( (ZX sy h . 1hi1) TE <Z (X?(k) - Si(k)nN) %)) =0.

(8)

3.1.2 First reduction

First, we focus on ZZL (ZXf( )hk 1 k+1) For all N in N* and all integer
k in [1,n9, we define

EY = f(ILEINN) NV, and SN (X) =) X,

ZEEN



For any function ¥ from R to R, we define W[, = W(S,(X) + S5, (7))
(we shall apply this notation to the successive derivatives of the function h).
Our aim is to show that

nd

Nl_iffoo liszrup Z E <Z <Xf(k)h;c—1,k+1 — Xi(w) (Sf(k—l)(X) - S}V(k) (X)) h;;—l,k-i-l)) =0.
(9)
First, we use the decomposition

Xf(k)hk—l,k—i-l = Xf(k)hkjil,k—i-l + Xf(k) <hk—1,k+1 - hkzil,k—i—l) .

We consider a one to one map m from [1,|E}|] N N* to E}Y and such that

Im(i) — f(k)| < |m(i — 1) — f(k)|. This choice of m ensures that Sy, (X)

and Sp,;-1)(X) are fv\m@ff(k)\—measurable. The fact that v is independent
o)

of X together with proposition 3 in [8] imply that
E <ZXf(k)hl (Sﬁ(k+1)(7))> =k <h, (Sjc”(k+1)(7>)> E(ZE (Xpw)|F-o)) =0,
Therefore |E (ZX gyl 1 41) | equals

B

Y E (ZXf(k) {h/ (S (X) + Sy (7)) — b

=1

/

(S () + Sirn) | )|

Since Sy (X) and Sp,i—1)(X) are F im()-smi-measurable, we can take the
F(R)

conditional expectation of X, with respect to fv\m(i)—f(k)\ in the right hand
F(k)
side of the above equation. On the other hand the function A’ is 1-Lipschitz,

hence
W (S (X) + S511(1) = K (S (X) + Sy () < oo
Consequently, the term

/

‘E (ZXf(k> [h/ (S (X) + S0y (7) = 2 (S (X) + Sy (7)) D ‘

is bounded by
E| Xy By - (X)) |

and
BN

|E (ZXf(mh}ﬁl,kH) | < Bl Xt i 1001 (X))

i=1
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Hence,

7”Ld nd ‘Eljc\f‘
Z E <ZXf(k)hk]X1,k+l) ‘ < Z |5 £k Z |Sim() | E1€my Elmiy— ) (€ £(k))|
k=1 — p
= Z|sf | D sssw Bles By (o))
Jjevy
<A lleiBjy(eo)lls < 400 (AER})
jevdy

where (by Lemma 1) we used the fact that

1
w141 =0 (7,572 )
and
> Isil = O ((nhn)*?). (11)
€A,

Since (3) is satisfied, this last term is as small as we wish by choosing N
large enough. Applying again Taylor’s formula, it remains to consider

Xf(k)(h;c—l,k-i-l - h;ﬁl,kﬂ) = Xf(k (Sf k—-1) (X) - S}\Ek) (X))h;;—l,k—i-l + R;m

where | Ry| < 2| X () (S -1 (X) = S ) (X)) (LA IS pe—1)(X) = Sy (XD Tt
follows that

nd nd
D EIR <2 Isiwl | B (\50\ (Z \Si\|5i|> (1 A |3i\|5i\>)
k=1 k=1

1EAN i€AN

<2AFE <|50‘ (Z |€z|> (1 A Z |$z||5z\>) (A eRY).
i€EAN i€AN

Keeping in mind that s; — 0 as n — oo and applying the dominated con-
vergence theorem, this last term converges to zero as n tends to infinity and
(9) follows.

3.1.83 The second order terms

It remains to control

X2 Sy TIN
f(k) f(k
W = ZZ M1 hs1 ( = X (s (X) = 57 (X)) = 5 )

(12)
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We consider the following sets:
AN ={ie A,;d(i,0M,) > N} and IYN ={1<i<n?; f(i) e AV},
and the function ¥ from R to R such that

U(e) =¢ep + Z 2e08;.

ieVgeNCn_1

For k in [1,n9], we set DY = ny — Vo T/(®) (). By definition of ¥ and of the
set IV, we have for any k in I

Yo Tf(k) (6) = 6?(141,) + 25f(k)(5f(k—1)(5) — S}\Ek) (6))
Therefore for k in I¥
St Dr = Sty — Xfey — 2X 1) (Spe-1)(X) = Sy (X)),
Since lim,,_,, o n || = 1, it remains to prove that

nd

i lim sup £ 7> Suhi e DY | =0. (13)
e n—too k=1

3.1.4 Conditional expectation with respect to the tail o-algebra

Now, we are going to replace DY by F (D,iv\.i’-"f(k),_oo). We introduce the
expression

HY =37 B (8300201401 [¥ 0 T'0(e) = E(W o TV (2)| Fypy, )] )

k=1

For sake of brevity, we have written h,_, ;. instead of hy_, ;. ,(X). Using
the stationarity of the field we get that

HY =37 B (8300 Z(hi 10 © T )XW () = B(W(E)|F)])

For any positive integer p, we decompose HY in two parts
TLd TLd
HY =" Jip)+ Y Jip),
k=1 k=1
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where
R = B (500202 141 0 T/ W) = B(W(E)|1F )]

and JZ(p) equals to

"

B (S50 21 0T B2y o TIONX)I(E) — BEIF ).

From the definition of h;ﬁLkH, we infer that the variable hZkaHOT_f(k) (X)
is Fyr-measurable. Therefore, we can take the conditional expectation of
U(e) — E(¥(e)|F o) with respect to Fyp in the expression of Ji(p). Now,
the backward martingale limit theorem implies that

lim E|E(¥(e)[Fyp) — E(V(e)|Fooo)| = 0

p—to0

and consequently

nd

lim limsup
P—+0 pstoo

Jzi(p)‘ = 0.

k=1

On the other hand

3 Ji@)\ < E[ 20 Y Sl | (e — B F_)l]

li|<p

Hence, applying the dominated convergence theorem, we conclude that HY
tends to zero as n tends to infinity. It remains to consider

1"

nd
Wy=F ZZ hk—l,k-i—lsf”(k)E(DI]cV‘ff(k)7—oo>
k=1

3.1.5 Truncation

For any integer k in [1,n4] and any M in R* we introduce the two sets

B]]CV(M) - E(Dlﬂff(k),—oo) Il‘UN—E(\I/OTf(k)(8)‘.7:f(k)’,oo)|§M

and e
By, (M) = E(Dy|Fr),—o0) — By (M).

13



The stationarity of the field ensures that E |§,]€V(M )| =F |§iV(M )| for any
k in [1,n. Now, applying the dominated convergence theorem, we have

limyy_. 400 B| By (M)| = 0. Tt follows that

M—+oc0

TLd
. Z ” —N
k=1

Therefore instead of W; it remains to consider
nd
Wy=FE|Z Z hk—l,k+13§(k)Bijfv(M)
k=1

3.1.6 An ergodic lemma

The next result is the central point of the proof.

Lemma 2 For all M in RY, we introduce

Bn(M) = E ([ny — E (Y(e)| F-c0)] Ly r—)<m|T) -

Then

nd

By (M) = st By (M)' = 0.

k=1

lim Oy(M)=0 as and lim E

M—+o00 n—+o0

Proof of Lemma 2. Let

u(e) = [Ny — E(V(e)|F o)) Ljny— B ()| F_o)|<M-

Using the function u, we write Oy(M) = E(u(e)|Z). The fact that Gy(M)
tends to zero as M tends to infinity follows from the dominated convergence
theorem. In fact

lim wu(e) =ny — E(¥(e)|F-w)

M—o0

and u(e) is bounded by |ny — E(¥(e)|F_)| which belongs to L'. This
implies that

lim By(M)=E (ny — E(¥(e)|F_o) |T) as.

M—oo

Since 7 is included in the P-completion of F_, (see the above proposition)
and keeping in mind that 7y is Z-measurable, it follows that

Jim (M) =iy — B(V(E)[T) as.
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By stationarity of the random field, we know that E(eoer|Z) = E(oe—k|Z)
which implies that

EW()I)= ) EleosklT) = v

keCn_1

and the result follows.
We are going to prove the second point of Lemma 2. First note that

Bi(M) = [nn — E(W o TY® ()| F(r),—00)] Ljyy— B wors®(0)) 7y, o)|< 1
—uoT/®(e).
Consequently

nd

DSt B (M) =) stuoT'(e).

k=1 i€An
Finally, the proof of lemma 2 is completed by the following lemma which is
proved in Section 5.

Lemma 3
=0.

2

lim

n—oo

Y stuoT(e) = Blu(e)|T)

i€A,

As a direct application of lemma 2, we see that

'E 23K S B () ‘SEWN(M)\
k=1

is as small as we wish by choosing M large enough. So instead of W3 we
consider

W, = ZthlkHSf Y (M) ~ B (M)

3.1.7 Abel transformation

In order to control Wy, we use the Abel transformation:

nd k
> (Z 2 [BY (M) - ﬂN<M>1) 20 ir — )
k=1 =1

nd

+ E | Zhya iy Z St [Br (M) — B (M)

k=1

15



Now

d

\E I in 3 200 [BY (M) — By (M) 'SE

k=1 k=1
Then applying lemma 2, we obtain
nd
Jin B 2000 Y st [B200) - 5500 | | =0
k=1

Therefore it remains to prove that for any positive integer N and any positive
real M,

lim E{Z (Z sha BN (M) — M(M)]) A h};,m)} = 0.

n—-—+00
k=1 \i=1
3.1.8 Last reductions

We are going to finish the proof. We use the same decomposition as be-
fore:

"

1" 1"
P o = Pt ppr = Pooprr — P + Pooprr — Pt -

1" " "

Applying Taylor’s formula

hk,k+2 - hk,k—i—l = —Vf(k+1)hk,k+2 + 1

and

"

P g1 — Po—1 g1 = Xty 1 g1 + Tk

where [t| < 7%
consider:

pry and [T < X7, To examine the remainder terms, we

nd k
B\ 2 s (Z Si Bi (M) = By (M )]) Ze3
k=1 i=1

The definition of BN (M) and of Sy (M) enables us to write for all integer k
in [1,n9,
k

S 52| BY (M) — By (M)] < 2M.

i=1
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Therefore

Z <Z s Bi' (M) = Bu(M ﬂ) St 250 Lley > K

k=1 =1

S 2ME (83 ]1|50|>K>

and applying the dominated convergence theorem this last term is as small
as we wish by choosing K large enough. Now, for all K in RT, Lemma 2
ensures that

nd
Jm B si <Zsf(z (B (M) — B (M ﬂ) Zehay Lieggi<ic | = 0.
k=1

So, we have proved that

P Z(Z% BY (M) = By (M >1) 71| =0

In the same way, we obtain that

Jm B > (Z st Bl (M) — ﬁN(M)]> Zt, | =0.

k=1 i=1

Moreover since (&, (7;)izf(k+1)) is independent of 741y we have

(Z St(i) BN — By (M)]ry( k+1)Zh;</:/,k+2) =0.

Finally, it remains to consider

Ws = E{Z (Z st Bl (M) — ﬂN(M)]> ZX jayhy.- MH}

i=1

Let p be a fixed positive integer. Since k" is 1-Lipschitz, we have the upper
bound [hy_y 1 — M2y | < 1Spe-1)(X) — S (X)]. Now, we can apply
the same truncation argument as before first we choose the level of our
truncation by applying the dominated convergence theorem and then we use

Lemma 2. So, it follows that

" "

lim E[Z (Z S¥ ) [BY (M) — By (M )]) ZXf(k)(hk—l,k+1_hkfl,k+1) = 0.

n—-4o00
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Therefore, to prove our theorem it is enough to show that

n k
pETOO liszrupE[Z (Z Si(i) [BY(M) — ﬁN(M)]> ZXf(k)h;/kaH} = 0.
oo k=1 \i=1
(14)
We consider a one to one map m from [1,|E¥|] N N* to E} and such that
|m(i) — f(k)| < |m(i—1)— f(k)|. Now, we use the same argument as before:

1B
"

h;lkaH —h"(S Z h'(S )+ S5y (1) = b (Smg—1)(X) + S5 (7))

\Ep

< Z ‘Xm(z

Here recall that B} (M) is Fy(;) —c-measurable and By(M) is Z-measurable.
We have E(es \I) =0, E(ert) | Frr),—o0) = 0 and E( )| Fr(s),—00) = 0 for
any positive 1nteger 1 such that ¢ < k. Consequently, for any positive integer
17 such that ¢ < k, we have

B (53 [BX (M) = By (M) Zs w0 000" (S50 (1)) ) = 0.

Therefore using the conditional expectation, we find

E{Z (Z Sf”(i)[BzN(M) - ﬂN(M)]> ZXf(k hk 1k+1}

k=1 i=1
nd B2
<MY syl D lsmeo| Elem Bme- o (€509
k=1 i=1
TLd
=2M Y sy D 185450\ Ele; By (o)l
k=1 jevg
<2AM ) Ele;Ej(s0)] (A€RY) by (10) and (11).
jeVd

Since (3) is realised the last term is as small as we wish by choosing p large
enough, hence W; is handled. Finally, the main theorem is proved. 0J
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3.2 Proof of the corollary

As observed in [8], the proof of the corollary is a direct consequence of The-
orem 1.1 in Rio [23]. In fact, for any k in Vj}, we have

E|5kE|k\(50)‘ = Cov (‘gk‘ <11E\k\(50)20 - ﬂE\k\(ao)SO) 750)
1,00 (|k|) )
< 4/0 Q:Z,(u) du.

The proof of the corollary is complete. O

4 Application

The direct consequence of our result is that it allows the construction of
statistical tests able to quantify the estimation error. For this purpose, we
show the construction of such a test that can be used in image denoising |11,
16, 28|. In the context given by the model (1), let us consider the following
situation : a true image g is affected by a correlated additive noise €, that
gives Y for the observed image.

For the original function the classical Lena image is used. This image is a
gray level image with pixels values in the interval [0,255]. The size of the
image is 256 x 256 pixels. The correlated noise we consider is a Gaussian
field (ex)pezz built using an exponential covariance function

C(k) = E(goex) = Cst x exp{—%}.

The choice of such random field ensures the validity of the projective crite-
rion (3)(see [9], p.59 Corollary 2). There exist several methods for simulating
such a random field, here we have opted for the spectral method [15]. In or-
der to obtain an important visual effect of how the noise affects the original
image Cst was set to 200 and a = 1. The noisy image is obtained by adding
pixel by pixel the original image to the simulated noise. The estimator of the

original image is computed using the Epanechnikov kernel

3
K(z) = g(l - \$|2)H{lr|§1}7 r = (11,12) € R%,
In order to compute the expectation of the estimated function, several re-
alisation of the noisy image are needed. Here we have considered 50 such
images, constructed by adding the original Lena image with a noise realisa-
tion. Using (2), for each noisy image, an estimate g, of the original function

19



g was computed using the kernel K defined above. The expectation E(g,,) is
computed by just taking the pixel by pixel arithmetical means corresponding
to the images previously restored.

Clearly, it is now possible to estimate the difference g, — E(g,). Following
our theoretical result, the normalised square of this difference follows a >
distribution with one degree of freedom. Since this quantity is observable,
p-values pixel by pixel can be computed.

The original image and the realisation of a noisy image are shown in Fig-
ure la and 1b, respectively. It can be noticed that in the “dirty” picture, spots
are formed, due to the noise correlation. The expectation of the estimated
original images in Figure lc exhibits almost no such spots. Furthermore,
the visual quality of this restored image is close to the original. A more
quantitative evaluation of this result is given by the image of p-values of the
proposed statistical test given in Figure 1d. The light-coloured pixels rep-
resent p-values close to 1, whereas the dark-coloured pixels indicate values
close to 0. We have counted 83% of the pixels for which we have obtained a
p-value higher than 0.01. This ratio is quite a reliable indicator concerning
the restored image. Together with the visual analysis of the results, it pro-
vides a detailed description of the obtained result. We conclude that, under
these considerations, the theoretical results developed in this paper may be
used as a basis for the development of practical tools in image analysis.

5 Annexe

In this section we prove lemma 3.

Proof of Lemma 3. In fact, for any w in L? we can write v = w + E(u|Z)
where w = u — FE(u|Z), hence it suffices to prove that

g stwoT"

keAn

=0.
2

lim
n—-4oo

Let us consider the transformations Ty, T, ..., Ty defined by 77 = T(0),
Ti = 700 Tt = 7O for any integer i. It is well known (cf. [7])
that the space

H={hi—hioTy — (hg —hyoTp) — ... — (ha — hg 0 Ty) ; ha,..,ha € L*}

is dense in the space G = {g € L*; E(g|Z) = 0}. Let € > 0 be fixed, there
exist hyq, ..., hg € L? such that Hw— [(hy —hioTy)—...— (hd—hdon)H , S
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d)

Figure 1: Results of the image restoration procedure : a) original Lena image,
b) realisation of a noisy image, ¢) expectation of the restored images, d)
obtained p—values as a gray level image (white pixels represent values close
to 1, whereas black pixels indicate values close to 0).
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So, we derive

E siwoT"

keAn

d
Sa—l—z
2

Jj=1

keAn

2

where k(j) = (k1,....kj—1,k; + 1, kj11,..., kq). Using Lemma 1 and keeping
in mind that K is a bounded and Lipschitzian kernel, one can check that

1 1
2 o 2 2 _
S(kiyorka) — @ ((nhn)d) and S(kyekgoeska) TS (k1sekj—1ookg) = 0 <(nhn)d+1)

and consequently, we obtain

d

2

7=1

, 1
E 2 k k
= Sk(h]OT —h]OT(J)) 2:O<W)

Finally, keeping n sufficiently large, we obtain

Z si woTF| < 2e.
ke, 2
The proof of lemma 3 is complete. OJ
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