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Abstract: The statistical analysis for equations driven by fractional Gaussian process (fGp) is
obviously more recent. The development of stochastic calculus with respect to the fGp allowed
to study such models. In the present paper we consider the drift parameter estimation problem
for the non-ergodic Ornstein-Uhlenbeck process defined as dX; = 60X, dt + dGy, t > 0, with an
unknown parameter 6 > 0, where G is a Gaussian process. We provide sufficient conditions,
based the properties of G, ensuring the strong consistency and the asymptotic distributions of
our estimator 6, of 6 based on the observation {Xs, s € [0,¢]} as t — oo. Our approach offers an
elementary, unifying proof of [4], and it allows to extend the result of [4] to the case when G is a
fractional Brownian motion with Hurst parameter H € (0,1). We will also discuss the cases of
subfractional Browian motion and bifractional Brownian motion.
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1 Introduction

While the statistical inference of It6 type diffusions has a long history, the statistical analysis for
equations driven by fractional Gaussian process is obviously more recent. The development of
stochastic calculus with respect to the f{Gp allowed to study such models. We will recall several
approaches to estimate the parameters in fractional models but we mention that the below list
is not exhaustive:

- The MLE approach in [12], [16]: In general the techniques used to construct maximum
likelihood estimators (MLE) for the drift parameter are based on Girsanov transforms for
fBm and depend on the properties of the deterministic fractional operators (determined by
the Hurst parameter) related to the fBm. In this case, the MLE is not easily computable.

- A least squares approach has been proposed in [10]: The study of the asymptotic properties of
the estimator is based on certain criteria formulated in terms of the Malliavin calculus. In
the ergodic case, the statistical inference for several fractional Ornstein-Uhlenbeck (fOU)
models has been recently developed in the papers [10], [1], [2], [6], [11], [5]. The case of
non-ergodic fOU process of the first kind and of the second kind can be found in [4] and
[7] respectively.
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- Method of moments: A new idea has been provided in [9], to develop the statistical inference
for stochastic differential equations related to stationary Gaussian processes by proposing
a suitable criteria. This approach is based on ergodic property and Malliavin calculus, and
it makes in principle the estimators easier to be simulated. Moreover, the models studied
in [10], [1], [2], [6] become particular cases in this approach.

In this paper, we consider the non-ergodic Ornstein-Uhlenbeck process X = {X,¢ > 0} given by
the following linear stochastic differential equation

X() == 0, dXt == gXtdt + th, t 2 0, (11)

where G is a Gaussian process and 6 > 0 is an unknown parameter.

An interesting problem is to estimate the parameter # when one observes the whole trajectory of
X. In the case when the process X has Hélder continuous paths of order § > % we can consider
the following least squares estimator (LSE)

t
5 _ Jo XedX,

as estimator of #, where the integral with respect to X is a Young integral. The estimator é\t is
obtained by the least squares technique, that is, §; (formally) minimizes

t, 2
9»—>/ (XS+9XS ds.
0

Moreover, using the formula (2.5) we can rewrite b, as follows,

~ X2
p=—7"-—, t>0. (1.3)
2 [, X2ds

Motivated by (1.3) we propose to use, in the general case, the right hand of (1.3) as a statistic
to estimate the drift coefficient 6 of the equation (1.1). More precisely, we define

~ Xt2

b= b 14
' 2 [ X2ds (14)

We shall provide sufficient conditions, based the properties of G, under which the estimator gt is
consistent (see Theorem 3.1), and the limit distribution of #; is a standard Cauchy distribution
(see Theorem 3.2). More precisely,

6, — 0 almost surely as t — oo,
and
e <5t - 9) Bl 20C(1) ast — oo,

with C(1) the standard Cauchy distribution with the probability density function m; x €R.



Remark 1.1. Suppose that G has Hélder continuous paths of order 6 € (%, 1). Then the process

X has 6-Holder continuous paths which implies that the estimator 0, coincides with the LSE
0; by using (2.5). This property is satisfied in the cases of fractional Brownian motion with
Hurst parameter H > %, sub-fractional Brownian motion with parameter H > % and bifractional
Brownian motion with parameters (H,K) € (0,1)% such that HK > 1 (see Section 4).

Indeed, let us prove that X has 6-Hélder continuous paths. From (3.7), it suffices to prove that
the process Z given in (3.8) has §-Hélder continuous paths. Furthermore, Mean Value Theorem
and the continuity of G entail that Z has (1 —¢)-Hélder continuous paths for all € € (0,1). Thus,

the result is obtained.

Examples of the Gaussian process G.

Fractional Borwnian motion:
Suppose that the process G, given in (1.1), is a fractional Brownian motion with Hurst parameter
H € (0,1). By assuming that H > 3, [4] studied the LSE 8, which coincides, in this case, with
0, by Remark 1.1. In this paper, we extend the result of [4] to the case H € (0,1). Moreover, we
offer an elementary proof (see Section 4.1).

Sub-fractional Borwnian motion:
Assume that the process G, given in (1.1), is a subfractional Brownian motion with parameter
H € (0,1). For H > 3}, using an idea of [4], [14] established the LSE 6, which also coincides with

575. But the proof of Lemma 4.3 in [14] relies on a possibly awed technique, because the passage

2
from line -7 to -6 on page 671 does not allows to obtain the convergence E [(e‘et fot eestf> }

as t — oo. In the present paper, we give a solution of this problem and we extend the result to
H € (0,1) (see Section 4.2).

Bifractional Borwnian motion:
To the best of our knowledge there is no study of the problem of estimating the drift of (1.1) in
the case when G is a bifractional Borwnian motion with parameters (H, K) € (0,1)2. Section 4.3
is devoted to studying this parameter estimation problem.

2  Young integral

For any « € [0,1], we denote by €([0,T]) the set of a-Hélder continuous functions, that is, the
set of functions f : [0,7] — R such that
t —_
I GEY (]
o<s<t<T (t—8)*
(Notice the calligraphic difference between a space ¢ of Holder continuous functions, and a space

C of continuously differentiable functions!). We also set |f|oo = supscjo,r[f()], and we equip
¢“([0,7]) with the norm

[flla = [fla + [floo-
Let f € €*([0,T]), and consider the operator Ty : C*([0,T]) — C°([0,T]) defined as

Ty(9)(t) = /0 fw)g (w)du, € [0,T].



It can be shown (see, e.g., [15, Section 3.1]) that, for any g € (1 — «, 1), there exists a constant
Co.p1 > 0 depending only on «, B and T such that, for any g € €7([0,77),

u < Caprllfllalgls-
We deduce that, for any « € (0,1), any f € ‘50‘([0 T]) and any 6] E ( , 1), the linear operator
Ty : C1([0,T]) C €°([0,T]) — €7([0,T)), defined as Ty(g) = [, f( du is continuous with
respect to the norm || - ||g. By density, it extends (in an umque way) to an operator defined on

€5, As consequence if f € €~(0,1)), if g € €°([0,T)) and if o + 8 > 1, then the (so-called)
Young integral [ f(u)dg(u) is (well) defined as being T’ (g).

The Young integral obeys the following formula. Let f € €*([0,7]) with o € (0,1) and
g € €°([0,T]) for all B € (0,1). Then Jo 9udfu and [; fudg, are well-defined as Young integrals.
Moreover, for all ¢ € [0, T,

t t
Jugt = fogo + /0 Gudfu + /0 Fudga. (2.5)

3 Asymptotic behavior of the estimator

Let G = (Gt,t > 0) be a continuous centered Gaussian process, defined on some probability space
(Q, F, P). (Here, and throughout the text, we do assume that F is the sigma-field generated by
G.)

The following assumptions are required.
(A1) The process G has Holder continuous paths of order strictly positive.

(A2) For every t > 0, E (G?) < ct*" with the constants ¢,y > 0.

3.1 Strong consistency

We will prove that the estimator 0 given by (1.4) is strongly consistent.
It is clear that the linear equation (1.1) has the following explicit solution

t
X, = / e %dG,, t>0, (3.6)
0

where the integral in interpreted is the Young sense.
Furthermore, applying the formula (2.5) we can write

=G -0z, t>0, (3.7)

where
t
Zy = / e %Gyds, t>0. (3.8)
0
Let us introduce the following process

t
& ::/ e %dG,,  t>0.
0
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Thus, we can also write
&=e "G —0Z, t>0. (3.9)

We will analyze separately the nominator and the denominator in the right hand side of the
estimator (1.4). To study these estimations, we need the following lemmas.

Lemma 3.1. Assume that (A1) and (A2) hold. Let Z be the process defined in (3.8). Then,
Loo = fooo e G ds is well defined, and as t — oo

Zy — Zoo  almost surely and in L*(Q). (3.10)
Thus, also
& — oo 1= 0200 (3.11)
almost surely and in L*(Q) as t — oo.

Lemma 3.2. Assume that (A1) and (A2) hold. Then, ast — oo,

t ¢ 2 0
e—29t/ X2ds = e—wt/ e?%5€2ds — 52% = 5220 almost surely.
0 0

Proof of Lemma 3.1. We first notice that the integral Z,, = fooo e~93@G,ds is well defined because

/ e " E(|Gy|)ds < ﬁ/ sTe % ds < .
0 0

Now, we prove (3.10). By using Borel-Cantelli lemma, it is sufficient to prove that, for any £ > 0

ZP( sup / e %G ds
t

n>0 n<t<n-+1

>€><oo.

On the other hand, for every € > 0,

E ( sup / e % Gds ) < F </ e 951Gy ds>
n<t<n+1[J¢ n
< \ﬁ/ e 9557ds
<

0 R’
\/56_2”/ e 2°s7ds
0

(SIS

n

_ a1 4) <2>M .

0
Consequently,
o0 oo
ZP < sup / e %5da,| > a) < ¢t ZE ( sup / e %%da, )
n>0 n<t<n+1|Jt n>0 n<t<n+1|Jt

2 14~ o
< e el (1+7) (0> Zeiﬁn < 00,
n>0



which imply that Z; — Z. almost surely as t — co. Moreover, since

E [(Zt - Zoo)ﬂ = / / e e " E (G, G,) drds
tJt
< c/ / e e (rs)7 drds
¢ Jt
0 2
= ¢ </ 6_9857d5>
t

— Qast— o

the proof of the claim (3.10) is finished. For the convergence (3.11), it is a direct consequence of

(3.10) and (3.9). Thus the proof of Lemma 3.1 is done.

Proof of Lemma 3.2. Tt follows from (3.11) that (o v N (0, E [fgo]), where

B[] =0E[Z] = ¢ / / e e 0 E (G, Gy) drds

< 002/ / 95 (rs)7 drds
_ . ('Hl> < .
0
This imply that
P(Es = 0) = 0.

The continuity of £ entails that, for every ¢ > 0

t t
t
/ ezesfgds > / ersﬁgds > —e | inf 55 almost surely.
0 i 2 L <<t

Furthermore, the continuity of £ and (3.11) yield
lim inf 53 = £ almost surely.
t—o0 %Ssgt

Combining this last convergence with (3.12) and (3.13), we deduce that
t

lim e?5¢2ds = 0o almost surely.
t—o0 0

Hence, we can use L’Hospital’s rule and we obtain

py J0€0Gds @&

et 020t tLoo 20 ~ 20 almost surely,

which completes the proof of Lemma 3.2.

O]

(3.12)

(3.13)



The following theorem gives the strong consistency of the estimator évt

Theorem 3.1. Assume that (A1) and (A2) hold and let 6; be given by (1.4). Then

6, — 6 almost surely as t — oo.
Proof. By (3.7), we can write
é“t _ G% + 92629tZtZ — 29€9thZt
2 fg e205¢2ds
e 2'G? 10277 — 20G e Z,
9e—20t fg e205€2ds '

(3.14)

(3.15)

Moreover, the hypothesis (A2) implies that Gye™% — 0 almost surely as t — co. Combining this

with (3.15), Lemma 3.1 and Lemma 3.2, the convergence (3.14) holds true.

3.2 Asymptotic distribution

O]

This section is devoted to the investigation of asymptotic distribution of the estimator gt of 6.

Then, the following assumptions are required.

(A3) The limiting variance of e % fg ¥ dG exists as t — oo i.e., there exists a constant oG > 0

such that
lim F

— 0QG-
t—00

t 2
<e—9t / e@sdGs>
0

(A4) For all fixed s > 0

t
lim E <Gse_6t / eﬁ’”dGT> = 0.
t—o0 0

We start with the following lemma.

Lemma 3.3. Assume that (A1) holds true. Then, for everyt >0, we have

1 t t
5Xf = 9/ X2ds — ezt/ edGs + Ry,
0 0

where

1 t t s
Ry :=-G?—0 / G2ds — 6° / ds / drGG e,
2 0 0 0
Proof. Let t > 0. Setting 0, = fg X,ds, the equation (1.1) leads to

1 1 1
§XE = 59217,? + §G§ + 01, Gy



Moreover, (2.5) and (1.1) entail

1 5 t t
5"% = /ﬁsdmZ/ USXSdS
0 0
t t
= ¢! </ des—/ GsXsds>.
0 0
Define Y; := [} e%*Gyds. Then, by (3.7) and (2.5
0
t t
/ G Xods — / G, (6’95G8—9Z5> ds
0 0
t t
= / G2ds — 0 / Gy Zds
0 0
t t
= /szs—e/ Z,dY,

= / G2ds—eztyt+0/ Y.dZ,
= / G2ds—9Zth+0/ ds/ drGyGe =)
Thus, we deduce that
1 2 ¢ 2 2
EXt =0 Xids+0°Z, Y, + 0nGy + Ry. (3.16)
0

On the other hand, by (1.1) and (3.7) we get

977th = Gy (Xt*Gt)

== —OeethZt.
This implies that
¢
022, Y; + 0n,Gy = —0Z,(e"' Gy — 0Y;) = —07, / e?5dG,.
0
Combining this with (3.16) the proof of Lemma 3.3 is done. O

Lemma 3.4. Assume that (A1), (A3) and (A4) hold. Let F be any o{B}-measurable random
variable such that P(F < co) = 1. Then, ast — oo,

t
<F, th/ eeSdGs> Loy (FyogN),

0

where N ~ N (0,1) is independent of B.

Proof. For any d > 1, s1...s4 € [0,00), we shall prove that, as t — oo,
(le, ..., By, e_et/ 4G ) 2% (By,, ..., Bs,,06N) (3.17)
0
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which is enough to lead to the desired conclusion. Because the left-hand side in the previous
convergence is a Gaussian vector (see proof of [Lemma 7, [8]]), to get (3.17) it is sufficient to
check the convergence of its covariance matrix. Thus, the assumptions (A3) and (A4) complete
the proof. O

Theorem 3.2. Assume that (A1), (A2), (A3) and (A4) hold. Then, ast — oo,
et (Et - 9) 2 990(1), (3.18)

with C(1) the standard Cauchy distribution.

Proof. We can write

_ot (t _
ot (gt B 9) _ e ot Jo e’ dG, y 07,7 L_ ¢ "R,
oo e 20t fot X2ds 20t fg X2ds
= a X bt + ¢t

Lemma 3.4 yields, as t — oo,

0 12 VHT(2H) N
t 0H Zoo )
where N ~ N(0,1) is independent of G, whereas Lemmas 3.1 and 3.2 imply that by — 2 almost

surely as t — oo.
On the other hand , e %R, — 0 in L'(Q) as t — 0o because, as t — 00,

e "E (Gf) < e — 0,

o [* 2 2741
- E(GZ)ds < 7 — 0,
e /0 (G3) ds 027 1
and
t s t s £27+2
e_et/ ds/ drE |GG, e 677 < ce_gt/ ds/ dr(sr)? = e % — 0.
0 0 0 0 (Y+1)(2y+2)

Combining this with Lemma 3.2 we obtain that ¢; — 0 in probability as t — oc.
By plugging all these convergences together we get that, as ¢ — oo,

(5, 0) % VHT(2H) N

oH Zoo

Moreover, Zoo ~ N (O, E [Zgo]) which completes the proof. ]

4 Applications to fractional Gaussian processes

This section is devoted to some examples of the Gaussian process G given in (1.1). We will need
the following technical lemmas.



Lemma 4.1. Let g : RT x RT™ — R be a symmetric function such that its first order partial

derivatives and 68526‘(]7»(5”) are Hélder continuous functions of orders strictly positives. Then, for
every t > 0,

t t ot
Ay(t) = g(t,t)—QHe_et/ g(sjt)eesds—i—ﬂ%_%t/ / g(s,7)e? 5 ) drds
0 0 JO
t t s 2
= 262€t/0 eesgi(s,(])ds—l—%%t/o dsees/o draigr(s,r)eer. (4.19)
Proof. Set h(s) := [; g(s,) )e?"dr. Combining (2.5) together with

oh Os s@ or
G =)+ [ PLisrerar

we obtain

t
Ag(t) = g(t,t)296_29t/ g(s,s)e?5ds — _29t/ ds 05/ dr— (s,1)
0

t
— e—20t/ 89(578)(8)6295d8 —20t/ dse@s/ dT* S 7"
0 88

Since g is symmetric we have for r = s, 2%(3 r) = 8985’8) (s). Thus by using again (2.5), the

claim (4.19) is obtained. O

Lemma 4.2. Let A > —1. Define

t ot t
= e_%t/ / 6€Se€r|s — T\)‘drds; I)(t) := e_et/ ees(t — S)AdT‘dS.
0 JO 0

Then

, 1 CT(A+1)

Proof. Let t > 0. We have

t s
I(t) = 2629t/ dsees/ dre? (s — r)*

0 0

t S
_ 2629t/ dse”s/ dre—uy
0 0

t t
_ 2629t/ due— [ dsets

0 U
_ 1 (/t ey — o200 /t uAeeudu>
0 \Jo 0
'(A+1)
— W ast — o,
which proves (4.20). O
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4.1 Fractional Browian motion
The fractional Brownian motion (fBm) BH = (BtH > 0) with Hurst parameter H € (0, 1), is

defined as a centered Gaussian process starting from zero with covariance

E(B'BI) = 5 (* + s — |t — s|*7).

N

Note that, when H = %, B3 is a standard Brownian motion.

Proposition 4.1. Suppose that, in (1.1), the process G is the fBm BY. Then for all fized
H € (0,1) the convergences (3.14) and (3.18) hold.

Proof. By Kolmogorov’s continuity criterion and the fact
E(BF = BEY = |s =t s, t > 0,

we deduce that BY has Holder continuous paths of order H —¢, for all € € (0, H). So, the process
B satisfies the assumptions (A1) and (A2) in the case G = Bf. Thus, by Theorem 3.1 the
convergence (3.14) is obtained.

For the convergence (3.18), it suffices to check (A3) and (A4). Let us first compute the limiting
variance of e~ fg e?dBH as t — co. We have

t 2
(e_et/ eeSdB£1>
0
t 2
(e_et (eetBtHH/ eestd,s)) ]
0

t t t
= (2H _ g0t / " E(B} B{")ds + 6%~ / / " BE(B{ B, )dsdr
0 0 Jo

E

= F

t
0
1 t t
+92626t/ / eeseer (82H + 7,2H _ |7“ - S‘QH) dsdr
2 0 Jo
02
Agu(t) +0L2n(t) — §J2H(t)a (4.21)

where gpu(s,r) = & (2 4+ ¢2).
On the other hand, (4.19) implies that

t
Ag u(t) = 2H6_20t/ sH1e050s 0 ast — oo. (4.22)
0

Combining (4.21), (4.22) and (4.20) we get for every H € (0,1)

t 2
<e_9t / eesdBf>
0

HT(2H)

E 92H

as t — oo.

11



Hence, to finish the proof it remains to check that, for all fixed s > 0

t
lim E <Bfe‘9t / eraBH ) =0.
0

t—o00

Let us consider s < t. Setting fpu(s,r) = E(BEBH), it follows from (2.5) that

t t
E(BHe % [ dBH ) = fgu(s,t)—0e % | " fgu(s,r)dr
s 0 r B B

0

t s
= fpu(s,t) —0e7 % | € fpu(s,r)dr — e e fou (s, r)dr
B B B

s 0

+ S
= e*(’(t*s)fBH (s,s) + eet/ eera‘gBH(S, r)dr — 96(%/ e (s, 7)dr
S T 0

It is clear that e =% fpp (s, 5) — fe 0 ;eerfBH (s,r)dr — 0 as t — o0.

Furthermore, if H = %, #—(s,7) = 0 for every 7 > s. Then, for H = %

¢
e_et/ e’ agiH (s,r)dr =0.

Now, suppose that H € (0, %) U (%, 1). Since

t t
/ " |T2H_1 —(r— S)2H_1’ dr > |2H — 1|S/ eI r2H=2 gy
S

S
t
> |2H—1|st2H_2/ e dr
S
— oo ast — o0,

we can apply L’Hospital’s rule and we obtain

t 8f t
: —0t or YJ BH _ . —0t Or (L2H—1 _ (.  N2H-1
tlgglo e /S o (s,r)dr| = tliglo ’He /s e’ (r (r—s) ) dr
t
< lim <H€0t/ eor ‘rQH*l — (r— 3)2H71‘ dr)
t—o0 s
o H op 2H—1
= dm (I - e
< lm <H|2H - 1t2H—2)
t—o0 9
— Oast— o0 (4.23)
which finishes the proof of Proposition 4.1. O

4.2 Sub-fractional Browian motion

The sub-fractional Brownian motion (sfBm) S with parameter H € (0,1) is a centred Gaussian
process with covariance function

E(StHSf) :t2H+82H _ % ((t+$)2H+ |t—8|2H) )

12



1
Note that, when H = %, S2 is a standard Brownian motion.

Proposition 4.2. Suppose that, in (1.1), the process G is the sfBm S™. Then for all fived
H € (0,1) the convergences (3.14) and (3.18) hold.

Proof. By Kolmogorov’s continuity criterion and the fact
E(Sff =S < @=22 s =P s, t > 0,

we deduce that S¥ has Holder continuous paths of order H —¢, for all € € (0, H). So, the process
SH satisfies the assumptions (A1) and (A2). Thus, by Theorem 3.1 the convergence (3.14) is
obtained.

To prove (3.18), it suffices to check (A3) and (A4). The case H =  has already been established
above. Suppose now that H € (0, %) U (%, 1). Using the same argument as in (4.21), we get

2

t 2
E <e_€t/0 eesdsf>] = AgsH(t)+912H(t)*%J2H(t)» (4.24)

where ggu (s,r) = s* + 20 — 1(s+¢)2H.
Moreover, we have

t . s
AgSH (t) = 2H€_20t/ 2H=1c0sqq 2H(2H — 1)6—29t/ d5€95/ dreer(s + r)2H—2,
0 0 0

It is easy to see that 2He 20t fg s2H=1e050s — 0 as t — oco.
Furthermore, using the fact that

t s t s
/ dse?s / dreer(s + T)QH_Q > (215)2H_2 / dse?’s / dre’”
0 0 0 0

2H-2 t 2
_ (zt) (/ 6295 dS)
2 0

— 00 ast— oo,

L’Hospital’s rule entails

t s 1 :
lim <€_20t/ dsegs/ dreer(s + 7”)2H_2> = lim <6_9t/ eer(t + T)2H_2dr>
t=o0 0 0 t—oo \ 20 0
$2H—2 t
< lim [ ——e % [ ar
t—o0 20 0
—0 ast— oo.
Thus, we deduce that
Ag.y(t) — 0Oast— oo (4.25)

Combining (4.24), (4.25) and (4.20) we get

t 2
E (eot/easd55>] — AT (2H) as t — 00.
0

92H
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Hence, to finish the proof it remains to check that, for all fixed s > 0

t
lim E (Sfeet/ eerdS,fI) = 0.
t—00 0

Let us consider s < t and let fqu (s,r) = E(SHSH). Then, as in the fBm case, we can write

t t s
E (Sfe—at/ e”de) = e_e(t_s)f(s, s) +e b / eeragS'H(s, r)dr — e~ / e fou(s,r)dr.
0 s r 0

It is clear that e (=%) foy (s, 5) — fe =0 Jo € fsu(s,r)dr — 0 as t — oo.
On the other hand, since

ot " orOfsu H o0 [ or (o201 2H—1 2H-1
e e W(s,'r)dr =5¢ e’ (2r —(r+s) —(r—s) ) dr,

the same argument as in (4.23) leads to

b g0
e_‘%/ e Jsu (s,r)dr — 0 ast— oc.
s or

4.3 Bifractional Browian motion

Let BHK = (Bf[’K, t> 0) be a bifractional Brownian motion (bifBm) with parameters H € (0, 1)

and K € (0, 1]. This means that BX is a centered Gaussian process with the covariance function

1 K
H.K pHK 2H | 2H 2HK
BB B = o (87 4 521) " — |t = 51
The case K =1 corresponds to the fractional Brownian motion (fBm) with Hurst parameter H.
The process BHK verifies,

2
E <‘BtH’K . BSH,K‘ > < 21_K’t* S‘ZHK’

so B'K has (HK — ¢)—Hélder continuous paths for any € € (0, HK) thanks to Kolmogorov’s
continuity criterion. The bifBm BX can be extended for 1 < K < 2 with H € (0,1) and
HK € (0,1) (see [3] and [13]).

Proposition 4.3. Suppose that, in (1.1), the process G is the bifBm B . Then the conver-
gences (3.14) and (3.18) hold true for all fived (H, K) € (0,1)2.

Proof. Since BX has Holder continuous paths of order HK — ¢, for all € € (0, HK), it satisfies
the assumptions (A1) and (A2). Thanks to Theorem 3.1, the convergence (3.14) is obtained.

To prove (3.18), it suffices to check (A3) and (A4). Using the same argument as in (4.21), we
have

E

t 2
((th/ 698dB£I’K> ] = AQBHyK (t) + 217K912HK(t) - 27K92J2HK(t), (4.26)
0
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where ggux(s,7) = QL (32H + rzH)K.
On the other hand,

t
AgBH,K(t) = 22_KHK6_29t/ 82HK—1605dS
0

t s
_23—KH2K(K _ 1)6—2075/ dse@s/ dre@r(sr)QH—l (S2H + T,QH)K*Q
0 0

The convergence 22K H Ke~20t fg s2HE=105(0s 5 0 as t — oo is immediate.
Also, it is straightforward to check that there exist a constant Cy x depending on H, K such that

t s t S
_ K—2 _
/ dsees/ dreer(sr)QH 1(82H+r2H) > CH7Kt2HK 2/ dsees/ dre”
0 0 L £
30

Cu.kx t
2 t
2
— 00 ast— oo.

So, we can apply L’Hospital’s rule and we obtain
' ° K-2
lim <e‘20t/ dsees/ dreer(ST)QH_l (82H+r2H) >
t—o00 0 0
o0t ot s
= lim <20/ eGr(tT)2H—1 (t2H + ’I”QH) dT>
0
2K—3 —0t t

lim (e/ 69r(t7“)HK_1dr)
t—o0 0 0

oK —342HK~2 t
<  lim (e_et / eerdr>
t—o0 9 0

—0 ast— oo.

IN

Hence, for every (H, K) € (0,1)?
Agour() — 0ast— oo (4.27)
Consequently, (4.26), (4.27) and (4.20) imply

t 2
HKT'(2HK
E (eet/ egsdBSH’K>] — HET(2HK) as t — 00.
0

92HE

Hence, to finish the proof it remains to check that, for all fixed s > 0
t

lim F <Bf’Ke_'9t / eQTqu{f’K> = 0.

t—o0 0
Let us consider s < ¢ and let fgux(s,r) = E(BET*BTX) Then, as in the fBm case, we can
write

E (Bf’Ke—“ /t eerdBﬁ’K>
0
ot oo 1 orOfpri or 7 0
= e four(s,s)+e” / e TT(S,r)dr —fe” / e’ fpux(s,r)dr.
s T 0
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We have e~ %) fpu k (s, 5) — fe 0 Jo €% fprx(s,m)dr — 0 as t — occ.

Also,

0 ! or Of pr i 1-K 0 ! 0 2H-1 ( .2H 2H\K-1 2HK—1
et/ eTT’(s,r)dr:27 HKet/ GT(T (s 4 —(r—s) *)dr.
S r S

Hence, if HK < %, L’Hoéspital’s rule leads to

t t
‘eet/ 0" Ofpn.x (s,r)dr| < 21KHK6915/ e (r2HE=1 | (p _ 5)2HK-1) g,
S

or s
t
< 22KHK69t/ 697‘(7, _ S)QHK*ldT,

s

—  lim
t—o0

22" KK
<0(t — s)zHK_:l) =0 ast— oo.

If HK = 3,

t
‘e(%/S earafS:’K (s,r)dr

— Ko /St & (1 - (1 + (j)2H> Kl) dr
/:ef” ((1 + (j)zH) o 1) dr

— 0 ast— oo

S 27K€79t

The last convergence comes from H > %, the fact that for r large,
o\ K1 K-1
1—<1+<S) ) <1-(1+3)7 ~a-K)2
r r r

and L’Hospital’s rule. Similarly, if HK > 3,

t
‘e‘et / eer@(s, r)dr

or

t
< 21KHK€9t/ 69TT2HK71
o s
— 0 ast—

which completes the proof.
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