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Abstract

We investigate the local linear kernel estimator of the regression function g of
a stationary and strongly mixing real random field observed over a general subset
of the lattice Z%. Assuming that ¢ is derivable with derivative ¢/, we provide a
new criterion on the mixing coefficients for the consistency and the asymptotic
normality of the estimators of g and ¢’ under very mild conditions on the band-
width parameter. Our results improve the work of Hallin, Lu and Tran (2004) in
several directions.

AMS Subject Classifications (2000): 62G05, 60J25, 62G07.

Key words and phrases: Local linear regression estimation, strong mixing, ran-
dom fields, asymptotic normality.

Short title: Local linear regression for random fields.

1 Introduction and main results

In a variety of fields like soil science, geology, oceanography, econometrics, epidemi-
ology, image processing and many others, the aim of practionners is to handle phe-
nomenons observed on spatial sets. In particular, one of the fundamental question is
the understanding of the phenomenon from a set of (dependent) observations based on
regression models. In this work, we investigate the problem in the context of strongly
mixing spatial processes (or random fields) and we focus on local linear regression
estimation. More precisely, let d be a positive integer and let {(V;, X;);,i € Z%} be
a strictly stationary R2-valued random field defined on a probability space (€2, F,P).
The estimation of its regression function g defined by g(z) = E(Yy| Xy = z) for almost
all real x is a natural question and a very important task in statistics. The nonspatial
case, that is for dependent time series (d = 1), has been extensively studied. One can
refer for example to Lu and Cheng [15], Masry and Fan [16|, Robinson [19], Roussas
[21] and many references therein. For d > 2, some contributions were done by Biau and
Cadre [1], Carbon, Francq and Tran [2], El Machkouri [6], E1 Machkouri and Stoica [9],
Dabo-Niang and Rachdi [3], Dabo-Niang and Yao [4], Hallin, Lu and Tran [10] and Lu
and Chen [13], [14]. Given two o-algebras ¢ and V), the a-mixing coefficient introduced
by Rosenblatt [20] is defined by

al,V) =sup{|P(ANB) —P(A)P(B)|, AclU, B eV}
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Let p be fixed in [1,00]. The strong mixing coefficients (a;,(n)),>0 associated to
{(Y;, X;);i € Z} are defined by

a1,(n) = sup {a(o(Yy, Xi), Fr), k € Z, T C 2%, |T| < p, p(T, {k}) = n}

where Fr = o(Y;, X;; ¢ € I'), |I'| is the number of element in I' and the distance p is
defined for any subsets I'; and T'y of Z¢ by p(I'y,T's) = min{|i — j|, i € Ty, j € 'y}
with |i — j| = maxic.q|is — js| for any i = (i1,..,iq) and j = (ji,..,jq) in Z% We
say that the random field (Y;, X;);cza is strongly mixing if lim,, , a1 ,(n) = 0. Let x
be fixed in R. Following [10], we define the local linear kernel regression estimator of

"(g(), g'(x)) by
(47 = Avgmin, 3 s 106K (20 ()

g () = e 2 b

where b, is the bandwidth parameter going to zero as n goes to infinity, A, is a finite
subset of Z? which the number of elements |A,| goes to infinity as n goes to infinity
and K is a probability kernel, that is a function K : R — R such that fR s)ds = 1.
We introduce the following notations:

1 XZ—.CE 2 Xl—.%'
oo mwz (55 )’Ww‘mm§<a1%%bn)

Xz‘—l'
o) = )= - 3 (555 ) (555
1 X, —=x 1 X, —x X, —=x
Uﬂ(n)_ |An’bn1§}/;K( )7 Ul(n)_ |An’bn1§}/;( )K( bn )7

1 Xi—=x 1 Xi—=x X; —
- YzK d =D Zi|—— K[~
wnlr) = 5., 2 (%5.7) et won Al 2 SYLE

with Z; = Y; — g(x) — ¢'(z)(X; — x). A straightforward calculation gives

( 9n(T) > 71 ( ugo(n) uo(n) ) ( vo(n) )
=U,"V, where U, = and V, = .
9 (2)bn, uo1(n) ui(n) vi(n)

Denoting W,, = V,, — U, *(g9(x), ¢’ (x)b,) = (wo(n),wi(n)), we obtain
gn(®) — g(2)
G(n,z) = = U, 'W,. 2
" ( (9n(2) = g'(x)) bn ) .

The main contribution of this paper is to provide sufficient conditions ensuring the
consistency (Theorem 1) and the asymptotic normality (Theorem 2) of the estimator
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defined by (1) under very mild conditions on the bandwidth parameter (see assump-
tion (A6)). Our approach is based on the so-called Lindeberg’s method (see [7], [§],
[9], [12]) instead of the Bernstein’s blocking method used in several previous works for
proving limit theorems in the random field setting (see [2], [10], [22]....).

Let K : R — R be a probability kernel. For any ¢ = (cg,c;) € R? and any s in R, we
define K.(s) = (co + c15)K(s). In the sequel, we consider the following assumptions:

(A1) For any ¢ in R?, we have sup,cp [K:(t)| < 00, [; |Kc(t)|dt < oo and K, has an
integrable second-order radial majorant, that is, the function v defined for any
real x by () = supyys, t*Kc(t) is integrable.

(A2) g is twice differentiable and ¢” is continuous.

(A3) There exists a positive constant x such that supy . |for(z,y) — f(z)f(y)] < &
for any (z,y) in R? where fy is the continuous joint density of (Xo, Xj) and f
is the continuous marginal density of Xj.

(A4) E|Yy|**° < oo for some § > 0.

(A5) b, — 0 such that |A,|b2 — oco.

(A6) b, — 0 such that |A,|b, — oo and |A,|b> — 0.

Our first main result ensures the consistency of the estimator.

Theorem 1 If (A1), (A2), (A3), (A4) and (A5) hold and

o0
(2d— )5 d—
S0 S 0T ) < oo (3)

m=1

then for any x in R,

where G(n, x) is defined by (2).
The second main contribution of this paper is the following central limit theorem.

Theorem 2 If (A1), (A2), (A3), (A4), (A6) and (3) hold then for any x in R such
that f(z) >0
VIR, Gln ) —=— N (0,U7'SHU)

S (ﬁt];?t di éfﬂ )iztt) (5)

where

and

1 L EK(t)dt
U=1J) ( [ tK(t)dt thQK(t) dt) ' (6)



Remark. Theorem 2 extends results of Hallin, Lu and Tran [10] in several directions.
Using our notations, Theorem 3.1 in [10] assumes that aj (m) = O (m™#) where
p > 2(3+0)d/o and this condition is more restrictive than (3). Moreover, the regions
A,, that we consider in our work are very general and very mild conditions are assumed
on the bandwidth parameter b,,. In fact, the condition |A,|b5 — 0 in Assumption (A6)
is assumed only for the cancellation of the bias term in Theorem 2.

2 Proofs

In the sequel, for any sequences (py,),>1 and (g, )n>1 of real numbers, we denote p,, < ¢,
if and only if there exists £ > 0 (not depending on n) such that p, < kg,. Moreover,
proofs of some technical lemmas in this section are postponned to the appendix. Con-
sider the sequence (m,,),>1 of positive integers defined by

—35
b4+6

My = Max { Tn, ”6 2 (]4)) +1 (7)

|8 >7n

—d
where 7, = [b,"**”] and [.] denotes the integer part function. The proof of the
following lemma is left to the reader (see Lemma 2 in [7]).

Lemma 1 If (3) holds then

5 5\ T2
my — 00, mibyi? =0 and (mdbﬁ+5) Z |z‘|d(2+6 a2+5 (li]) —
[t >mn
2.1 Proof of Theorem 1
Let 2 and ¢ = (cg, ¢1) be fixed in R and R? respectively and denote
= V(¥o/Xo = 0)f(a) [ Ki(e)dr
R

Lemma 2 E (cW,) <2 and |A,|b,V(cW,,) —— 1.

n—oo



Proof of Lemma 2. Let n be a positive integer,

- . (55°)

_ %]E [[g(Xo) —9() = ¢'(2)(Xo — )] K, (Xob; xﬂ

K
— o [t = g() — d @) - 2], (“b‘) Fu)du

— [ ot 0b.) = gla) = g (2)ub] Koo+ wb )i
_ by
S

g (0n(z,v))0*K.(v) f(z + vb,)dv

where 0, (z,v) is a real number between = and x + vb,. By the Lesbesgue density
theorem (see chapter 2 in [5]), we have

/Rg”(Qn(aﬁ, V) K () f (2 + vby)dv —— ¢"(z) f () /R’UQKC(U)d’U.

n—oo

So, we obtain E (cW¥,,) < b2. In the other part,

[[An bV (eW,) — E(AD)) | |n, (ZA> —E(AD)| < Y EAd) ()

ieA FEZIN{0}

where

A = Zig, (Xi — x) g2k, (X" — x) . (9)
Lemma 3 E (A2) ——— 7 and moreoever,

n—oo
5 S
sup E|AcA;| <657 and  |E(AoA:)| Qb7 a7 (li])  for any i # 0.
i€Z4\{0}

Combining Lemma 3 and Lemma 1, we obtain

445

% dﬁ 2+5 d(4+9) 2+5 .
Z [E(A0A;)] < mibi™® + ( mabs Z il 725 ag (i) ——— 0

JEZN{0} I;‘ézd
| >mpy

Using (8) and Lemma 3, we derive |A,,|b,,V(cW,,) ———— 1. The proof of Lemma 2 is
n—oo

complete.

Lemma 4 U, Y U where U is defined by (6).

n—oo



Proof of Lemma 4. Let k be fixed in {0, 1,2} and let = be a real number. Then,

1 X, —2\" (X, —x Xo—2\" [ Xo—2
E: K E:A IE K
Ao ( b ) ( b ) A, r\F "+, ( b ) ( by )

ANip=— ") K —E—— K .
’“ﬂ?(b>(b)¢b‘(b)<b)

First, using again the Lebesgue density theorem (see chapter 2 in [5]), we have

%E (Xob; x)kK (X"b; ”) _ /Rka(v)f(:c fub,)dy ——— () /Rka(v)dv.
(10)

In the other part, arguing as in the proof of Lemma 3, we have E (Zg’ k) converges to

) [o t*FK2(t)dt as n goes to infinity and > jezd\ (o} ‘E (AokAjk)) | goes to zero as n
goes to infinity. Consequently,

E<Z(2)k) 1 .
A, |2b E\ D2 S| ~ | St 2 [BGud)l =50

ichn " jezd\{o}
(11)

Combining (10) and (11) and keeping in mind that |A,|b, goes to infinity as n goes to

infinity, we obtain
¥ X,—=x 2
) K( an ) nioo >f(a:)/Rka(v)dv.

[An[bn Z( bn

The proof of Lemma 4 is complete.

Combining (2) with Lemmas 2 and 4 and the fact that
G(n,r) =U* (W, —EW,)+ U, 'EW, (12)

we obtain (4). The proof of Theorem 1 is complete.

2.2 Proof of Theorem 2

Let ¢ = (cg,c1) be fixed in R?2. By Lemma 2 and Assumption (A6), we derive that

|An|bnE(cW,,) goes to zero as n goes to infinity. Keeping in mind (12) and using
Lemma 4 and Slutsky’s lemma, we have only to prove the asymptotic normality of
VIAR|bn (W, — EW,,). That is what we establish in the following key result where we
recall the notation n = V(Yy/Xo = z) f(z) [p KZ(¢)dt.
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Proposition 1 /|A,|b, (cW,, — E (cW,,)) SN N (0,7m).
n—oo

Proof of Proposition 1. Let (&;);cza be a field of i.i.d. standard normal random variables
independent of (Y;, X;);cze and denote for all i in Z<,

A Vi

B W N TV T

where A; is given by (9). On the lattice Z? we define the lexicographic order as follows:
if i = (i1,...,7q) and j = (jy, ..., jq) are distinct elements of Z<¢, the notation i < J
means that either ¢; < j; or for some k in {2,3,...,d}, ix, < jr and ¢ = j; for 1 <[ < k.
Recall that |A,| is the number of element in the region A, and let ¢ be the unique
function from {1, ...,|A,|} to A, such that p(k) <iex ¢(I) for 1 <k <1< |A,|. For all
integer 1 < k < |A,|, we put

k |An]

Sey(T) = Z Towy and  Sgy(v) = Z 0

with the convention Sy (T') = SC oA+ (¥) = 0. Let h be any measurable function
from R to R. For any 1 < kE<l< \A |, we introduce fy; = h(Spu) (T') + S5y (7). We
denote by Bj(R) the unit ball of C}(R): h belongs to B}(R) if and only if it belongs to
C*(R) and satisfies maxgci<s ||h?||oc < 1. It suffices to prove that for all h in B}(R),

E (h (Sp(a,p(T))) ——— E(h (V1)) -

n—oo
We use Lindeberg’s decomposition:

|An|

E (h (Span(T) = h(vV1&0)) =D B (hrgrr — hir) -

NOW, we have hk,k+1 — hk—l,k = hk,k—i—l — hk—l,k+1 + hk—l,k—i—l — hk—l,k and by Taylor’s
formula we obtain

! ]. 1"
Pt — hie—1 k41 = Loyl ppr + §T£(k)hk71,k+1 + Ry,

1 "
he—1kr1 — P16 = —Vo(k hk 1k+1 — 27<2p(k:)hk—1,k+1 + T

where |Ry| < T2 (LA Tow|) and [ry] < yw(k (LA [vpmy)- Since (T, &) izpqr is inde-
pendent of fg,(k 1t follows that

’ " 77
E (W(k)hk—1,k+1) =0 and E (”Yi(k)hk—mﬂ) = <|A ‘hk: 1k+1>



Hence, we obtain

|An|

]E (h’<SSD(|A | ( )) \/_50 ZE k)h’k 1k‘+1)
‘Anl n h;; 1,k+1
2 —1,k+
+ZE(<T@U€)_|A |) 9 )
k=1 n

|An|

k=1

Let L be a positive real number.

|An]
A
> E|Ry| <E< (m INDE
k=1
2 _
J4E ZOK2 (M) 1/\ﬂ K
| bn bn, A |bn,

[ 72 X, — 7Z
<9E —°ﬂ|z0|<LK§( 0 m) (1/\ %]

< (52))

5, b NI
72 Xog—x Z Xo—x
+E b_oﬂZo>LKg( Ob )(1/\ /—l o K. ( Ob )D]
n n n
LS XO—I 2+6 X(]—.T
ﬂ—er < (5] <2 (55)

|A|b/|K 0)|? f(x + vby,)dv
+L7° /IE(|Z0|2+5/XO =z +vb,) |[Ke(v) [’ f(z + vby,)dv.
R

By the Lebesgue density theorem (see chapter 2 in [5]), we have
/E (’Z0|2+5/X0 =T+ Ubn) |KC<U)|3f(x+Ubn)dU — f(JI)E (|ZO|2+6/X0 = 1’) / ‘Kc(v>|3dv
R n—r00 R

and

/R]Kc(v)\:gf(x—l—vbn)dvwf(x)/]&\Kc(v)]gdv.

Consequently, we obtain

|An] 3
SRR Q| ———=+L7"|.
k=1 \/|An|bn
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Choosing L = (|An|bn)2<31+5>, we obtain

|An|
> E[Ri| D (|Anlbs G —)
=1 n—oo
Moreover,
|An| 3/2[ | ¢. |3
S Epn < T2 0

pt / |An| n—+00

So, it is sufficient to show

|An| "
h
. Z 1 2 n k—1,k+1 o

For any 4 in Z¢ and any integer k > 1, we define V¥ = {j € Z¢/ j <jox i and |i—j| > k}.
For all integer n > 1 and all integer 1 < k < |A,|, we denote

By = ({1, k) NV and SY =y T

zGEgcn)

where m,, is defined by (7). In the sequel, for all function ¢ from R to R, we adopt

the notation @Z),(fmill = (S;T'S)( )+ 5S¢ l)( )) More precisely, we are going to use this
notation with v equals to A’ or . Our aim is to show that
[An]

lim ZE (Tw(k hk Let1 — Lo <S¢(k—1)(T> - S(,(DT&?;)(T» hgfl,kJrl) =0. (14)

n—o0

First, we use the decomposition
Tw(k)h;f—1,k+1 = Tso(k)h;g(jlﬁ/)cﬂ + T <hk 1,k+1 h;c(inffi)gH) .
Since 7 is independent of T', we have E (Tw(k)h' (S;(,C +1)(7))> = 0 and consequently,
‘E (Tw(k hk(mlnk+1>’ = ‘E (Tso(k) <h;€(ﬁ117jl)€+l — I (S;(kﬂ)(’)’))))‘ <E ‘Tw(k)S;’&’s)(T)‘ :
Moreover,
E

o 1
TSt >(T)\< 3 EIA,mAl < sup E|AgAl.

#(h) jezi\{o}

So, by Lemma 3, we obtain

, 5
‘E (Tw(k)hk@lfl)ﬁrl) ‘ by ——— 0.

- n—00



Applying again Taylor’s formula,
Ty (Mo = 1 "501) = Tty <5¢(k71)(T) - S%TS)(T)> i1 + Ri
where

Ry <2

Totry (St (T) = S5 (1)) (1A 1S 00(T) = ST (D)) |

Using Lemma 1 and Lemma 3, it follows that

[An]
STEIR<2E [ Ao [ D 1Al 1A T > oA
k=1 ||<mn | |‘<m’”
i#0 1#0
<2 Z ElAcA;| < 2m? sup E[AgA;]
|Z|<mn ZEZd\{O}
i#0

[An] T2
" k mn T
Fi:=E E P11 <% + Lo (Sw(k‘—l)(T) - Sc(p(k))<T)> a 2|A |)

We have
[An]

P B | [y D i (B —BOY) | |+ -2 (8] +2 3 Bl

lil<mn
J#

By Lemma 3, we know that

)

E(Af) ——n and > ElAcA;| < mibitt ——— 0.

< n—o00
J#0
So, it suffices to prove
|An]
Fy = |A 2 th 1 ( ~E(AG) || ——— 0.

(15)

Let M be a positive constant and denote E,, (Ai(k)) =E ( A? k,)/]-"VM ) where .FV}\/[k)
is the o-algebra generated by (Xj,Y,) for s in VM (k). We have F> < Fj + Fy where

|An|

Fy = |A, \th L Az —Eun (Ai(k)))
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and
|An]

=B | 2 s (B () ~ B(AD)
The following technical lemma is proved in the appendix.

Lemma 5 ||Ao[f, s < b2+5

The next result can be found in [17].

Lemma 6 LetU and V be two o-algebras and let X be a random variable measurable
with respect toUU. If 1 < p <r < oo then

IE(X|V) = E(X)]l, < 227 + 1) (a@, V)7~ | X ]|,

Using Lemma 5 and Lemma 6 with p =1 and r = (2 + 0)/2, we derive

)

Fy < |[Ear (A2) — E(A2)]ly < 60l 5af % (M) < 605 aZi (M), (16)

In the other part,

[An
)+ Ji(M))
k::
where ,
M) = \E ( W (A2 —Eu (824)))|
and

) = B ((Bisin = 0 ) (A2 — Ear (A2)))]-

Since h;(_]\f)k s o(visi € ZY) v szv(fk)—measurable and (7;);eze is independent of
) ®
(Yi, Xi)ieza then J}(M) = 0. Moreover, if L is a positive real number then

Al A2 L 2
J2(M)<E A < > E|A0A] + 2E (AF Ljag>r)
g gy

ML
sup  E|AgA;| 4+ 2L7°E (|Ag**?).

<
S |An| icza\ {0}

Applying again Lemma 3 and Lemma 5, we derive

LAb5?

i

JHM) < + 2L7%;9/2.
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In particular, for

1
|An| 2(149)
L= d 52468
Mmbfb(4+5)(1+5)
we obtain s
M1i+s
2
Jk (M) ﬁ s —52+445
|An|mb5(4+6)(1+5)
. (2d—1)5+6d—2 21755
Now, choosing M such that M 2+ = by then
b@
Te(M) 4 ——"——
(1An b, ) 2050
where

do®(4+0) + 672
0:(1_1(_5)(4:_5%2 and 7= (2d — 1)+ 6d — 2.

So, we obtain F; —— 0. Using (3) and (16), we derive
n—oo

” (2d—1)5+6d—2 9
Fy 9 MP RS 02 (M) ——— 0.

n—o0

Consequently, we obtain (15). The proof of Proposition 1 is complete.

Combining (2) with Lemmas 2 and 4 and Proposition 1, we derive Theorem 2.

3 Numerical results

In this section, we consider the autoregressive random field (X ;)¢ jjez2 defined by
Xi,j = 0-75Xi71,j + O.2Xi7j,1 + €ij (17)

where (g;7)(j)ez2 are iid random variables with standard normal law. From [11], we
know that (17) has a stationary solution X, ; given by

ki + k
Xij=>_ > ( ! N 2) (0.75)%(0.2)" & g, ik, (18)
k120 k220

and one can check that X, ; has a normal law with zero mean and variance o? = 3.8346.
If we denote by f the density of X;; then f(0) = 0.2037. Let s be a positive integer.
We simulate the ¢; ;’s over the grid [0,2s]* N Z? and we obtain the data X; ;’s for (i, j)
in A, = [s+1,2s]*> N Z?* following (18). Thus, we construct

1 X; 1 X, 2 X,
o T (). w5 (55
(1,5)€As (4,7)EAs
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and

% (i,7)€As

where K is the gaussian kernel defined for any real u by K(u) = = exp(—u?/2). From

the data set 5

Yij=+—%5
1+ X2,

T Eij

(that is, g(u) = 2/(1 + u?) for any real u), we define also

1 X 1 X X
wo(s)zs% Z Zi,jK( b]) and wl(s):szb Z Zi,j( bJ)K( bj)

% (i,7)€As

with Z; ; = g(X, ;)+¢€;;—2. The local linear estimator G(s, 0) of the regression function
g at the point x = 0 is given by

A uoo(s) u1o(s) o wo(s) To(s)
G(s,0) = =:
uo1(s) wuy1(s) wi($) 71(8)
For s € {10,20,30,40} and b, = |A,|~'/3, we take the arithmetic mean value 7 (s) of

300 replications of

and the following table

s [N =8 b =[N3 ] m(s) |

10 100 0.215 —0.408
20 400 0.136 —0.309
30 600 0.104 —0.271
40 1600 0.085 —0.114

put on light that m(s) decreases to zero when s increases. In order to illustrate the
asymptotic normality of the estimator, we consider 300 replications of

2 x 7V/4/TA b, (Fo(s) + 71(s)) " A A
\/3 X f(O) X V(YO/XO — O) = 1.703 \/Sisz(To(S) + 7'1(8))

for (s,bs) € {(10,0.215);(20,0.136); (30,0.104); (40,0.085)} and we obtain histograms
(see figure 1) which fit well to the standard normal law A/ (0, 1).
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s=10 s=20

0.4
0.4

0.2

|
0.2
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/

5 5
o |l_— <] o |/ P
o o
[ [ [ 1 [ [ [ [ 1
4 2 0 2 -4 2 0 2 4
s=30 s=40
< <
o o
[s0] (40}
o 7] o 7]
N N
<3 o
5 - 5 1
o o — 7] ]
o o
[ [ [ [ 1 [ [ [ 1
4 2 0 2 4 4 2 0 2

Figure 1: Asymptotic normality of the local linear estimator.

4 Appendix

Proof of Lemma 3. Let i in Z4\{0} be fixed. Applying Rio’s covariance inequality
([18], Theorem 1.1), we obtain

a1,1(]i)
B (AoAs) | = |Cov(Ag, A)| < 4 / Q4 (u)du
0

14



where Qa, is defined by Qa,(u) = inf{t > 0; P(|Ag| > t) < u} for any w in [0, 1].
Since Qa,(u) < uT |Ao|lo s, using Lemma 5, we derive

-5 5
B (AoA) | b2 agy” (Ji]).
In the other part, let L > 1 be a fixed real number. Arguing as in the proof of Lemma
5.2 in [10], we denote Agl) = Aj1ja,<z and Agg) = Aj 5,51 for any j in Z. So, we

have

E|AoA| < EIAGV AP+ EIAY AP + EIAC AL + EJAY AP

Moreover,

Z3 Xo — Z3 Xo —
sup E|A(()1)AE2)| < E (—O ]l|Z0\<LK3 ( 0 x)) X E (—O ]1|Z0|>LK3 ( 0 x))
i€Z\{0} by, by, br, by,
22 Xo—x |Z0|2+6 XO—LL'
QL7 B[ OK? (22 E K?
B \/ (bn ‘ b’l’b 8 bn ¢ bn

g L_5/2\// E (|Zo2/Xo = 2 + vb,) K2(v) f(z + vb,)dv
R

« \// E (|Z0]2+3/ Xo = & + vby) K2(0) f (2 + vy )do.
R

Applying again the Lebesgue density theorem (see chapter 2 in [5]), we derive

sup E\Aél)A§2)| QL2
i€z4\ {0}

Similarly, sup;cza 1oy EIASAL| 9 L79/2 and sup; ez o EIAY AP | < L9, Finally,

s (B [ e s (55) )
| Zy| Xo—2\|\*
+3 <E\/£_n 1) z0<1 | Ke Obn
Xo — X; — 2
K( ] g;> K( 3 x)‘+3L2bn (/ |Kc(v)|f(x+vbn)dv)
n n R

k(0w (Y )' foi,0) — F(u)f (0) | dudv
L2

b Jr Ke (%) K. (%) ’ f(u) f(v)dudv

L%, (/R K. (0)|f(z + vby) dv)2 |

(1) A (1) | Zo]
sup E|A;’A;7| gE(—ﬂZ <L
iez4\{0} ‘ Vb, %ol

L2
< N
bn
L2
S] N

by, Jr
L2

E
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Using Assumption (A3) and the Lebesgue density theorem (see chapter 2 in [5]), we
derive

L2 > L2 2
sup ElANAN| g = ( / |Kc(v)|bndv> 4= ( / K. (v)|f(z +vbn)bndv> +L2%b, < L,
i€z\{0} bn \Jr bn \Jr

;2
Consequently, we obtain sup;cza o E[AgA;| < (L2 + L?b,,). Choosing L = b;", it
follows that 5
sup E|AgA;| < b7,
i€z\{0}

In the other part, we have

2
E(A2) = bi (EZ@K? (Xob_ x) - (EZOKC (Xob_ x)) ) .

BZoRe (Xob,: SE) =E (Y, —g(z) — ¢'(z)(Xo — 2)) K, (XO - x)

Moreover,

u—2x

- /R(u —2)%g"(x + 0(u — 2)K. ( - > f(u)du avec |6] < 1

3
= %" / g’ (x + Ovb,)v* K (v) f(z + vb, )dv.
R

Using the Lebesgue density theorem (see chapter 2 in [5]), we obtain

EZ,K, (Xob_ x) b,

n

In the other part,

1
bn

X[)—ZE
bn

EZ2K?2 ( ) — /RE(ZS/XO = 2 4 b, ) K2(v) f(x + vby,)dv.

Noting that

E(Z§/Xo =z + vb,) = V(Yo /Xo = x4 vb,) —— V(Yy/Xo = )
n—o0

and applying again the Lebesgue density theorem (see chapter 2 in [5]), we obtain
EA2 ——— 7. The proof of Lemma 3 is complete.

n—oo

16



Proof of Lemma 5.

_2
) Zo Xo_x 246\ 2+6
HAOH2+6 < (E \/EKC bn

2467\ 745
Qb (E K. <M) ])
by
_2

=t 246
QbF ( [0 X0 = 4 o) ISP 1o+ vbn)dv) |
R

E (|ZO|2+6/XO)

By the Lebesgue density theorem (see chapter 2 in [5]), we obtain

-5
1801545 < B2

The proof of Lemma 5 is complete.
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