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Abstract

The main result of the paper is a computation of the Ricci curvature of Diff(S 1y /$1. Unlike earlier results
on the subject, we do not use the Kihler structure symmetries to compute the Ricci curvature, but rather rely
on classical finite-dimensional results of Nomizu et al. on Riemannian geometry of homogeneous spaces.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let Diff(S') be the group of orientation-preserving diffeomorphisms of the unit circle. This
group is known as the Virasoro group in string theory. Then the quotient space Diff(S')/S!
describes those diffeomorphisms that fix a point on the circle. The geometry of this infinite-
dimensional space has been of interest to physicists for a long time in connection with string
theory and string field theory (e.g. [7,8,19]). A.A. Kirillov and D.V. Yur’ev in [13], and A.A. Kir-
illov in [12] showed that the homogeneous space Diff(S')/S! admits a left-invariant complex
structure and can be canonically identified with M, a certain space of univalent functions on the
unit disk in C.
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Our motivation comes from stochastic analysis on infinite-dimensional manifolds. In a se-
ries of papers written by H. Airault, V. Bogachev, P. Malliavin, A. Thalmaier [2-5], the authors
explored several possible approaches to the problem. For example, [5] is a first step in an at-
tempt to construct a Brownian motion on 7 °°, the space of smooth Jordan curves of the complex
plane which can be described as the double quotient SU(1, 1)\Diff(S 1Y/SU(1, 1). The connec-
tion between 7 and Diff(S') is given by the conformal welding. A group Brownian motion
in Diff(S1) has been constructed by P. Malliavin in [14]. S. Fang in [10] described a Brownian
motion in Diff(S') corresponding to the H 3/2_metric on Diff(S!), and computed its modulus
of continuity. A detailed study of the modulus of continuity was done by H. Airault and J. Ren
in [6].

It is well known that the behavior of a Brownian motion on a curved space (finite- or infinite-
dimensional) is related to the geometry of this space. In particular, the lower bound of the Ricci
curvature controls the growth of the Brownian motion, so it seems that a better understanding of
the geometry of Diff(S')/S! might help in studying a Brownian motion on this homogeneous
space.

The approach taken in [7,8,13,19] is to describe the space Diff(S')/S! as an infinite-
dimensional complex manifold with a Kéhler metric, find the Riemann tensor corresponding
to the Kihler structure, and finally compute the Ricci tensor. These computations use symme-
tries of the curvature tensor coming from the Kihler structure which are assumed to carry over
from finite dimensions to infinite dimensions.

The aim of present article is to compute the Riemannian curvature tensor and the Ricci tensor
for this space without appealing directly to the Kihler structure symmetries. Rather we follow the
path taken by the first author in [11]. There the Riemannian curvature tensor and the Ricci tensor
were computed for a class of infinite-dimensional groups by using finite-dimensional computa-
tions of the Riemannian curvature tensor by J. Milnor in [15] as definitions.

We will use the classical finite-dimensional results of K. Nomizu in [16] for homogeneous
spaces as our definitions of basic geometric notions in this infinite-dimensional setting. The Vi-
rasoro algebra has a natural almost complex structure which has a zero torsion. This allows us
to treat this structure as complex. Then using finite-dimensional methods we can find a covari-
ant derivative V compatible with the complex structure. First we compute the original covariant
derivative in the natural trigonometric basis of the Virasoro algebra. This is a technical result
with respect to the main goal of this paper, and it is easy to check that the Ricci curvature for this
covariant derivative is not bounded. Then we compute the Riemannian curvature tensor and the
Ricci curvature corresponding to the covariant derivative \% compatible with the complex struc-
ture. The main result of the paper is Theorem 4.11, which shows that the Ricci curvature for \Y
is finite.

H. Airault in [1] computed the Ricci curvature of Diff(S D) /SU(1, 1) using the classical finite-
dimensional results of K. Nomizu in [16]. Besides the fact that we study a different homogeneous
space, we show that even though the Ricci curvature tensor converges to a finite number, the
covariant derivative V is not a Hilbert-Schmidt operator. This fact might pose difficulties if
one attempts to define a Brownian motion corresponding to the Riemannian structure of the
homogeneous space Diff(S')/S!. For further references to the works exploring the connections
between stochastic analysis and Riemannian geometry in infinite dimensions, mostly in loop
groups and their extensions such as current groups, path spaces and complex Wiener spaces see
[9,11,17,18].
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2. Virasoro algebra
In our exposition we follow [3].
Notation 2.1. We denote by Diff(S') the group of orientation preserving C*°-diffeomorphisms

of the unit circle, and by diff(S') its Lie algebra. The elements of diff(S!) will be identified with
the left-invariant vector fields f(¢) %, with the Lie bracket given by

[f.gl=fé—fg. [ gediff(s).
The Lie algebra diff(S 1Y has a natural basis
fr =coskt, gm=sinmt, k=0,1,2,..., m=1,2.... 2.1)

The Lie bracket in this basis satisfies the following identities:

1
[fns fn]=§<(m_n)gm+n+(m+n)| |g|m n|> m#n,
1
[gm,gn]=§<(n—m)gm+n+(m+n)| |g|m n|) m#n,
1
[fin, &nl= 5((” —m) finin + (m+ ”l)f|m—n|)- 2.2)

Definition 2.2. Suppose c, h are positive constants. Then the Virasoro algebra V. j, is the vector
space R @ diff(S') with the Lie bracket given by

lak + f, bk + gly,., = wc.n(f, )k + L f, gl (2.3)
where k is the central element, and w is the bilinear symmetric form

2

d
wen(fg) = / ((2h - 1—02>f’(t) - %f@(r))g(r)é
0

Remark 2.3. If 1 =0, ¢ = 6, then w,  is the fundamental cocycle w (see [3])

2

d
otfy == [(7+ e

0

Remark 2.4. A simple verification shows that o, j satisfies the Jacobi identity, and therefore
V,,» with this bracket is indeed a Lie algebra.

Notation 2.5. By diff(S') we denote the space of functions having mean 0. This can be viewed
as diff(S')/S!, where S! is identified with constant vector fields corresponding to rotations of S'.
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Then any element of f € diffy(S 1) can be written

FO = (arfi +bige).

k=1

There is a natural endomorphism J of diffy(S l) such that J2 = —1, namely,

o0

T(HW =D (i fr — argr)- 24)

k=1

Notation 2.6. For any k € Z

_ 3
O = 2hk + 12(k k).

Remark 2.7. Note that 6_; = —6, for any k € Z. Let by = 0, then

2

wen(f, Jf) = / ((Zh — —)f (t) — f<3)<r)><1f>(r)—
0

2

= / (Zek(bkfk - akgk>> (rnz_jl(bmfm = amgm)) ;

0 k=1

N |

o0
Z ak —i—bk

3. Riemannian geometry of Diff(S1)/S!: definitions and preliminaries
We use the finite-dimensional results of [16] as our definitions with the following convention.

Notation 3.1. Let g be an infinite-dimensional Lie algebra equipped with an inner product (-,-).
We assume that g is complete. Suppose that there are two subspaces, m and b, of g such that
g =ma® b as vector spaces. We assume that b is a Lie subalgebra of g, and that [h, m] C m. Note
that m is not assumed to be a Lie subalgebra of g.

In our setting g = diff(S'), m = diffy(S"), h = fyR. Note that the assumptions in Notation 3.1
are satisfied since for any n € N

[fo, ful = —ng, em, [go, gnl =nfy e m.

Let G = Diff(S!) with the associated Lie algebra diff(S'), the subgroup H = S' with the Lie
algebra h C g, then m is a Lie algebra naturally associated with the quotient Diff(S')/S'. For any
g € g we denote by g (respectively gp ) its m- (respectively h-) component, that is, g = gm + g,
gm € m, gy € h. By the assumptions in Notation 3.1 for any & € b the adjoint representation
ad(h) = [h, -] : g — g maps m into m. We will abuse notation by using ad(#) for the correspond-
ing endomorphism of m. Define

B(f,8) = wen(f, J8) = wen(g: Jf).
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Proposition 3.2. (f, g) = B(f, g) is an inner product on diffy(S").

Proof. It follows from properties of w.; as stated in Remark 2.7. In particular, for any
f e diffo(Sh)

] o0
B(f. /)=5 ) 0c(a(f)’ +be(f)). D
k=1
Notation 3.3. Let o be an affine connection defined by

1
a(x»)’): E[-xi y]m+U(-x7 y)s

where U is defined by

1
B(UX,),2) = 5(B(Ix, 2lm, ) + Bx, [y, 2lm))

for any x, y, z € m. The relation between the covariant derivative V : m — End(m) and « is given
by

1
Viy=a(x,y)= E[X’ YIm +U(x, y).

The covariant derivative V is not our main interest. In Definition 4.4 we will introduce another
covariant derivative, V, which corresponds to the Kahler structure on Diff(S 1) /S 1

Lemma 3.4. Let )y, ,, = % forany n,m € Z. Then

m-—n
)\m,n - )Vn,m +—.
2
Proof.
2n +m)6,, — 2m +n)6,
)\m n— )Ln m =
9m+n

B 2hm(2n +m) + ﬁ(m3 —m)2n +m) —2hn(2m +n) + %(n3 —n)2m +n)

B 9m+n

_2h(m—n)(m+n)+ﬁ(m—n)((m+n)3—(m+n))_m—n -

9m+n 2 ’

Proposition 3.5.

U(fm, fn) = [()\n,m + )‘m,n)ngrn + ()Ln,fm - )Lfm,n)gnfm]

N = N —

m+n
(}\n,m + km,n)é’m+n + Tgnfm , nh>m,
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Proof. First,

and therefore

M. Gordina, P. Lescot / Journal of Functional Analysis 239 (2006) 611-630

U(fm, fn) = [()\n,m + )\m,n)gm-i-n + (An,—m - k—m,n)gm—n]

m—+n
8m—nl|, M>n,

I — ] —

|:()¥n,m +)\m,n)gm+n + )

U(fu, fn) = Ann&n = =U(gn, &),

U(fnr gn) = E[Q_m,n — Mns—m) frem = Conm + Amn) fntn |

= %[—”%”fn_m — G +Am,n>fm+n} n>m,
U(fin>8n) = %[(An,_m — Aemn) fmn = Qo + 2mn) fnsn |

= %[m ;rn fm—n — Conm + )\m,n)fm+n:|s m>n,

U(fn» gn) = _)\n,anns

1
U(gm,gn) = E[()\n,—m — Aem,n)&n—m — (Anm + )\m,n)gm—&-n]

1|m+n
= 8n—m — ()Vn,m + )\m,n)gm-Fn , h>m,
2 2
1
U(gmv gn) - 5[()L —-m )‘«—m,n)gm—n - ()Vn,m + )Lm,n)gm—t-n]
l{m+n
A 8m—n — ()Ln,m + )\m,n)gm+n , m>n.
2 2
2
dt
we b (fims fn) =— ngmfnz—z(),
T
0
2
dt 1
wc,h(fmv gn) = - ngmgn_ = __gmfsm,na
2 2
0
2
dt 1
wc,h(gm, )= Onfmfn—= _emam,na
2 2
0
2
dt
wc,h(gm7 &)= | Om fngn=—=0,
2
0

O
B(fin, fu) = B(gm. &gn) = 2 Sm,n» B(fin, &n) = B(gm, fn) =0.
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By the commutation relations (2.2)

B(U(fma Jn)s fk)

1
= _(B([fma fk]m» fn) + B(fm» [fny fk]m))

m2 — k2
lm — k|

2 _k2
|:B ((m — k) gm+k + 8im—k|» fn) + B(fm’ (n—k)gnix + nign—k|>i|

In — k|

S A= N

1
B(U(fmv Jn)s gk) = E(B([fmv 8klm, fn) + B(fm, [fn, gk]m))

= %((k —m)B(fin+k» fn) + (m +k)B(fim—k|» fn)
+ (k=) B(fin, fati) + (0 +K)B(fm, fin-x)))
= é((k — M)OnSmskon + (M +K)OnSm—k|.n
+ (k —n)6mdm pnk + (n + k)@m8|n_k|,m)
= %((n —2m)0, 8k n—m + 2m + )0, Sk mtn + 2m — 1), 8k m—n
+ (m = 2n)0 8k m—n + (21 + M6y Sk mgn + (20 — M6 Sk p—m )
=%«m—2mwm+@n—m%%wm%m+«mn+m@
+ (20 4 m)0n) St mn + (2m — n)0y + (m — 21)0)Sk.m—n)

with the assumption that all the indices are positive. Thus

2m +n)b,, + 2n + m)06,, (n —2m)0, + 2n —m)6,
U(fm, fn) = m+n 8n—m, Nn>m,
49m+n 49:17m
2m +n)6, + 2n + m)6,, 2m —n)0, + (m — 2n)6,,
U(fm, fn) = 8m+n 8m—n, M >n,
49m+n 49m—n

3nb,
U(fy, = —gn.
(fus fu) 204, 82n

B(U(fmv 8n)s fk)

1
= E(B([fm, fk]n'u gn) + B(fma [gna fk]m))

1 2_ g2

=1 (B ((m — k) gm+k +

m

méﬂm—m, gn> — B(fi: (0 = k) fryn + (k+ n)fk—n|)>
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2 k2

lm — k|

((m k)6, Sk n-m+ Onan,\m—ld —(n— k)emsk,m—n —(k+ n)9m8m,k—n|)

1
g(((Zm —n)6, — (2n —m)0,, )81(,,,_"1 + (—(Zn —m)by, + (2m — n)Gn)Bk,m_,,
+ ( @2m +n)8, — (m + 2n)em)ak,m+n)'

1
B(U(fm9 8n), gk) = E(B([fma 8klm, gn) + B(fms [gn, gk]m))

1 k2 —n?
=- <B((k —m) fsk + (M +k) fim—r) 8n) — B(fm’ (n — k) gk+n + glk—n)) =0.

4 lk —n|
Thus
2m —n)0, — 2n —m)6 2m +n)b, + (m 4+ 2n)0
U(fmygn)__[ “ mfn—m_ 2 mfm+ni|y n>m,
Qn—m Qm—i—n
2m —n)6, — 2n — m)6, 2m +n)6,, + (m + 2n)6,
U(fmvgn)—_|: = mfmfn_ = mfm+n:|v m=>n,
9m_,, 9m+n
3n9
U(fn,8n)=— nfzn, m=n.

B(U(gm» 8n)s fk)

= ( ([gma Silm, gn) + B(gm, (&n, fk]m))

( B((m — k) fetm + (k +m) fik—m| gn) - B(gmv (n = k) fi4n + (k +n)f|k—n|))

4>|~ A= =

= —((k —=m)B(fictm gn) — (k +m)B(fix—m|, &)

— (0 —=k)B(&m» firn) = (k +1)B(&m, fik—n))) =

B(U(gm. gn)- 8k)

1
3 (B(Lgm» 8kTm- &n) + B(gm. [gn. 8kIm))

1 m n? —k?
=—| Bl (k —m)gmik + 8lm—k|» &n | + B| gm,» (k —n)gnik + 2 Y ———8In—k|

2_k2

lm — k| In
2 k2 2 k2

= _<(k m)6, k. n—m + m — k| ————— 0,0, Im—k| + (k — )6 Sk,m—n + In— k| ——— 00, |n— k|>

—_—
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1
= g(((n —2m)6, + (2n — m)em)sk,n—m + ((Zm —n)b, + (m — 2n)9m)8k,m_,,

— (@ + 1)y + @m +1)0) B )

Thus
1] (n—2m)6, + 2n —m)6,, 2m +n)6, + 2n +m)6,,
U(gm,gn) =~ n—m — 8&m+n |, n>m,
4 en—m em—i-n
1[ Cm —n)6, + (m — 2n)6,, 2m +n)0,, + 2n + m)6,,
U(gm, gn) =~ 8m—n — 8m+n |, m=>n,
4 em_n 9m+n
U )= 3n6, -
8n> 8n) = 292n 82n-
Proposition 3.6.

mef” Z)‘m,nngrn’ n>m,
m—+n
vfm Jn= Am,n&m+n + Tgm_n, n<m,

an fn = )\'n,ngzn = _vgngn’

Vf,,lgn = _)\m,nfm+n’ n>m,

m-+n
vfmgnz_km,nfm+n+Tfm—nv n<m,

angn = —Ann fon = Vgn by

m+n
vgnfm:_}\n,mfm+n_ Tfnfm» n>m,

vgy,fm:_)‘n,mfm+ny n<m,
nggﬂ = _)‘-m,nngrm n>m,
m-+n
nggﬂ = 8m—n — )\m,ngm+n, n<m.

2

Proof. The main ingredients of the proof are the commutation relations (2.2), Proposition 3.5
and Lemma 3.4. First, note that

1
me Jo= E[fm» Salwm +U(fins fn)s

and therefore if n > m, then

1 1 m+n
Vi, In= Z((m — 1) 8m+n — (M + n)gnfm) + ) (Anm + Am,n) 8man + Tgnfm

1

1 n—m
= Z[(m —n)+ 2()Wl,m + )\m,n)]gm—&-n = Z |:(m —n)+ Z(T + 2)¥1n,n)i|gm+n

= Am,n&€m+n;



620 M. Gordina, P. Lescot / Journal of Functional Analysis 239 (2006) 611-630

if m > n, then

1 1 m+4n
Vi, o= Z((m — ) &m+n + (M + n)gm—n) + 5 Anym + Amn) mtn + ) 8m—n

m—+n
= ) &m—nt Amn&mtns

Vf,, fn = U(fm fn) = )\n,ng2n'

Similarly

1
megn = E[fmv gn]m + U(fmv gl’l)7

and so forn > m

Vi = (1= m) fon + 014 fum) %[—’" L xm,n>fm+n}
= _)Wn,nfm+n;
and form >n
Y 8n = %(m =) frugn + (M4 1) frnn) + %[’" ;” Foen = G + xm,n>fm+n}
=~k frtn + "2 f:

1
Vi,8n = E[fnv &nlm +U(fu, 80) = —Aun fon.

Third,

1
vg,,fm = E[gna Jnlm +Ugn,s fn),

and therefore for n > m

1 1[m+n
Ve, fm = _Z((n —m) fm+n + (m +n)fn—m) ) ) Sn—m + Qum + Ann) fnn
1 m+n MAm + A
=_Z(n_m)fm+n_ ) Sn—m — meﬂl
1 m4+n Do 4 2hm,
= _Z(n - m)fm-i—n - Tfn—m - %’M m+n
m+n n—m

= Jn—m —

B fm+n _)\m,nfm+n van1gn+[gnv fm]y
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form >n

1 1
Vgn Sfm = _Z((” —m) fingn + (m +”l)fm—n) + EI:mT_‘_nfm—n - ()\n,m + )Lm,n)fm+ni|

n—m

= - 2 fm+n_)\m,nfm—i-nzvfmgn"'[gna Sl

1
angn = E[fnv gn]m + U(fny gn) = _)\n,ann-

Finally,

1
Ve, 8n = E[gmv &nlm +U(gm, gn),

and so if n > m, then

1 1[m+n
nggﬂ = Z((” —m)gm+n — (M + n)gnfm) + o=

2 2 8n—m — ()Ln,m + )\m,n)gm+nj|

n—m 1
= Tgm+n - E()\n,m + )"m,n)gm—ﬁ—n = _)\m,ngm+n’

and if m > n, then

1 1m+n
nggn = Z((n —m)gm+n + (m+ n)gm—n) + 5 Tgm—n = nm + 2nn) mn
n—m m+n 1 (n—m m+n
= 2 Emin + Tgm—n - 5 + 2)\m,n Em+n = Tgm—n - )Lm,ngm—&-ns

Vgngn = U(g}’h gl’L) = _)Mn,ng2n- a

4. Diff(S1)/S! as a Kihler manifold

The goal of this section is to introduce an almost complex structure on diffy(S 1), and
then show that it is actually complex for an appropriately chosen connection. Recall that
J : diffo(S") — diffy(S!) is an endomorphism defined by (2.4), or equivalently, in the basis
{fm,gn},m,n=1,...by

mez_gm, Jgnzfn~

The next result is an analogue of the Newlander—Nirenberg theorem in our setting. This statement
also appears in [1, p. 255] as was communicated to us by H. Airault after we submitted the present

paper.

Proposition 4.1. The Nijenhuis tensor N (the torsion of the almost complex structure J) defined
by

N(X, Y):Z([JX, JY I = [ X, Y] — J[X, JY ] — JJX, Y]m)

vanishes on m = diffy(S"). Therefore J is a complex structure.
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Proof. If m # n, then by (2.2)

N(fm, fn) = 2([]f;n» Sl = Ums falm = I Ufms I fnlm — I fims fn]m)
= 2([gm9 gnlm — [fm,s falm + I fims nlm + J18m. fn]m)
= 2((” — M) gm+n + (N — m)me+n) =0.

Then we can use
NUX.Y)=2(=[X,JYm + VX, J(UV)]m = J[JX, JY ] — J[X, J(JY)]mm)
=N(X,JY),

NUX.Y)=2(—[X, IV Im + [T X, T (U] — JLIX, J¥ Iy — J[X, J(JY)]m)
= 27 (=J[X, JY ] — I X, Y] + [JX, I ¥ ] — [X, Y1) = —IN(X, Y)

to see that

N(fI’Vlv fn) = N(ng’ fn) = N(gm’ an) = _N(gm’ gn) =07

and

N(fm, &) =—N@&n, f) =N gmn, &) =—IN(gmn, &) =0. O

Lemma 4.2. J is a complex structure on m = diffy (S Y with the covariant derivative

Vi, D) =V, I)(gn) = (Vg N(fn) = Vg, ))(8n) =0, n=m,
Vi, D) = Vg, J)(gn) = —(m+n) fin—n, n<m,
(meJ)(gn)Z_(vng)(fn)z(m‘i‘n)gmfna n<m.

Proof. We will use the fact that
Vi D) =V (Jy) = J(Vyy).
If n > m, then
(Vi D) ==V 5,80 — IV, fn)
= )\m,nfm+n - )\m,n J(&min) = )\m,n Sman — Amon Sm4n =0.

If n < m, then

Vi, D) ==V 5,80 — IV, fn)

m+n m+n
) Sm—n — )\m,nJ(gm+n) - Tj(gmfn)

m+n m+n
= )\m,nfern - ) fmfn - }\m,nfern - Tfmfn =—(m +n)fm7n,

= }Lm,n fm+n -
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(Vf,, J)(fn) = )\n,nf2n - )\n,nJ(an) = )\n,nf2n - )\n,nf2n =0.
If n > m, then
(vfm J)(gn) = )Lm,nngrn + )Lm,n J(fmn) = )\m,ngm+n - )\m,ngm+n =0.

If n < m, then

(VD) n) =V, fn = I (V,,8n)

m+n m+n
= )\m,ngm+n + Tgmfn + )Lm,n-l(fern) - ) J(fmfn)
m-+n m-+n
= )\m,ngm+n + Tgm—n - )\m,ngm+n + Tgm—n =(m+ n)gm—na

(Vf,l-])(gn) = )\n,nan + An,n-](on) =0.

If n > m, then

(ng D(fn) = _vgmgn - J(Vg,,, )

= )"m,ngm-i-n + )\m,nJ(fm—Q—n) = )\m,ngm—i-n - )"m,ngm—ﬁ—n =0.

If n < m, then

(ng D(fw) = _vgmgn - J(ng )

m-+n m-+n
= - ) &m—n + )\m,ngm-i-n + )\m,n-](fn+m) + Tj(fm—n)
m+n m+n
= _Tgm—n - Tgm—n 4+ Ann8m+n — Amn8man = —(M +n)gm—n,

(vg,, N (fn) = Ann&n + )hn,nJ(on) =An,n&2n — An.n&on = 0.

If n > m, then

(ng-])(gn) = ngfn - J(V mgn)
= _)&m,nfm+n + )\m,n-](gm—t-n) = _)‘«m,nfm+n + )\m,nfm+n =0.

If n < m, then

(vgm J)(gn) = ng fo— -,(nggn)

m+n m+n
= _Am,nfm—t-n - Tfm—n - Tj(gm—n) + )\m,nj(gm+n)
m-+n m+n
= _)\m,nfm+n - —fmfn - Tfmfn +)¥m,nfm+n =—(m +”l)fm7n7

2
(Vg,l J)(gn) = _)\n,ann + )Ln,nj(an) = _)Mn,ann + )Ln,nf2n =0. ]
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Lemma 4.3. Let Q be the tensor field of type (1, 2) defined by
40(x,y) = (VyyD)x 4+ J((VyD)x) +2J (Ve J)y).

Then

+
Ofon f) = Qgm gn) = %gm_mb

m-+n
Q(fmvgn)z_ ) fnfmv n>m,
m-+n
Q(fmvgn)szmfn’ n<m,
m+n

O(gm. fn)ZTfnfm» n>m,

m+n

Q@m> fn) =———7—

O(fns fr) = QOUfn, gn) = O&n, fu) = O(gn, &) =0.

Sm—n, n<m,

Proof. First, note that
4Q(fms f) = Vi, D) fn + I (V5. D) fon) + 20 (V5 D) ).
and therefore
4Q(fm7 fn) =(m+ n)gnfm —(m+ n)J(fnﬂn) =2(m+ n)gnfm» n>m,

40(fm, fu) =2m+n)gm—n, n<m,
40(fn, fn)=_(Vg,,-])fn+3J((an-])fn)=0’ n=m.

Second,
4Q(fm’ gn) = (V.Ig,, J)fm + J((vg,, J)fm) +2J((me J)gn)v

and therefore

4Q(fma gn) =—(m +n)fn—m — (m +n)J(gn—m) =—2(m +n)fn—ma n>m,
40(fm> gn) =2(m +n)J (gm—n) =2(m +n) fu—p, n<m,
40 (fur 8n) = (Vyg, ) fu + I ((Vg, ) fu) +2J (Y, J)gn) =0.

Third, note that

40(gm fn) = (Vig, )gm + J((an J)gm) + 2J((ng J)fn),

and therefore



Finally,

and so
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40(gm, fr)=m+n) fom+m+n)J(gu—m) =2m+n) fu—pm, n>m,
40(gm, fn) =—(m+n)2J(gn—n) =—Mm+n)2fu—pn, n<m,
40(8n, fu) =—(Vg,J)gn + J((Vf,, J)gn) + ZJ((VgnJ)fn) =0.

40(gm. 8n) = (Vyg, gm + I ((Vg, )gm) +2J ((Vg,, J)gn).

40(gm, gn) = (m +n)gn—m — (M +n)J (fp—m) =2(m +n)gp—m, n>m,
40(gm, gn) = —12m+n)J(fin—n)=2m +n)gm-n, n<m,
40(8n, gn) = (Vf,))gn + 37 ((Vg, J)gn) =0. O

Definition 4.4. The new covariant derivative is defined by

Viy = Viy — Q(x, y).

Then combining the results of Proposition 3.6 and Lemma 4.3 we see that

m-+n

6fm fn = V.fm fn - Q(fmv fn) = )‘m,ngm-‘rn - Tgn—ma n>m,

6f»zfn:vfmfn_ Q(fmvfn):)tm,ngm-i-m n<m,

Vi fa =V fo— Ofns [1) = Ann&on,

m+n
Tfn—m_)tm,nfm+n’ n>m,

6fmgn = megn —Q(fm,8n) = _)\m,nfm+n, n<m,
fn8n = angn — O(fus 8n) = —Aun fon,

n fm = vg,,fm — 08ns fm) = —Anm fin, n>m,

m+n
:Vgnfm_Q(gnvfm):_)”n,mfm—i-n_Tfm—m n<m,

6fmgn = megﬂ - Q(fi’ns gn) =

<t

t 3

]

enJm
n fa= Vgnfn — 0(8n, fu) = _)\'n,nle’ls

m-+n
gn8n = nggn — 0(8m, 8n) = —Am,n&m+n — Tgn—ma n>m,

<

6gmgn = nggl‘l - Q(gn’h g}’l) = _)\m,ngm+nv n<m,

Vgngn = Vg,8n — 0(gn,> &n) = —Aun&n-

Theorem 4.5. The covariant derivative V has the following properties:

625

D V is the Levi-Civita covariant derivative, that is, it is metric compatible and torsion free;
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(2) V is not a Hilbert—Schmidt operator.

Remark 4.6. The original covariant derivative V is also torsion free, which can be checked by a
direct computation:

Iv(X,Y)=Vx () = Vy(X) = [X, Y ]m

=UX,Y)-U(, X).

Note that U (X, Y) is symmetric in (X, Y) due to the symmetry of B as can be seen from No-
tation 3.3, and therefore Ty = 0. Similarly to the finite-dimensional case the new covariant
derivative V is torsion free if the almost complex structure J has no torsion. This is indeed
the case by Proposition 4.1.

Proof. (1) The torsion can be found by the following formula:
T(x,y)=Tg(xr, y) = Voy = Vyx =[x, ¥lm.
Let m # n, then

m-—n I’)’lz—}’l2

T(fmv fn) = 6fmfn - 6J‘nfm - Tgm+n - 2|m7_n|g|m—n|

_m—n +m2—n2 m-—n mz—nz -0
=7 Em+n 2|m_n|g|m7n\ ) 8m+n 2|m_n|g|mfn| =V,
~ - ~ n—m m+n
T(fm»gn)zvfmgn_vgnfm_ fm+n_ f\m —n|
m+n n—m m+n
= f|m —n| + ()Vn m — )&m,n)fm—ﬁ—n - Tfm+n - fm —n| =
~ - ~ m-—n m+n
T(gm,fn)zvgmfn_angm"‘Tfern f\m n|
m—+n m+n
=_—f\m n|+0“nm_ mn)fm+n+—fm+n+—f|m —n| = 0
~ n—m m2 —I’l2
T(gm, gn) = gmgn - Vgngm - Tgm+n - mg\m—m
I’I’lz—l’l2 n—m le—nz
= ()\n,m - )»m,n)gm-i-n + m&m—n\ - Tgm+n - m&m—n\ =0.
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(2) We have

D (Vg fs Vi fi) + (Vg s Ve f))
m=1

_ Z )‘rzn nYUm+n (m + )26, n )‘%,n292n n i )"rzn,nem‘f'n — 100, -
40,0 e OO
m=n+1

Notation 4.7. Let n € N, then define

Lypy=fm+igm, Lem= fm—18m, where iZ = —1.

Lemma 4.8.
[Lin, Lyl =i(n —m)Ly 4y,
(Lo, Lyl=i(m+n)Ly_p,
[Ly, L_y]=—i(m+n)Ly_,,
[Lom, Ly]=i(m —n)L_p_p.
Proof.

(L, Lnl=[fm: ful — gm»gn]'i‘l([fmagn]"‘[gm’fn )
=M —n)gmin+i(n —m)frnyn=1i(n —m)Lyiy,

[L—m, Lnl=fms ful +[8m: gnl+ i([fma 8nl — [&m, fn])

m-—n . .
=(m+n) m _n|g|m—n| +i(m+n) fim—n =i(m+n)Ly_m,

(L, Lon]=[fm, ful + [gm’ 8gnl +i(_[fma gnl + Lgm> fn])

(m+n)| |glm nl —im +n) fln—n = —i(m +n)Ly_y,

[Lm, Lon]=1fm: ful — [&m, gn] — i([fma gnl+ [&m, fn])

=(m —n)gm+n —i(n—m) finin =i(m —n)L_p_y. O
Lemma 4.9.

Vi, Ln==Vi_, L p=—2iApnLnin,
@Lan = —@LmL_,, =im+n)L,_,,, n>m,
@L_an = ﬁLmL_n =0, m>n,

Vi, Ln==Vi_,L_y=—2ikpnLon.

Vi, La=V1,L_, =0.
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Proof. First,

6Lan = 6f},,fn - 6g,’,,gn + i(ﬁfmgn + 6gmfn)

= 2)‘-m,ngm+n - 2i}¥m,nfm+n = _Zi)&m,anJrn-

Second,

6L_m Ln = 6fm fl’l + 6gmgn + l(ﬁfmgn - 6gm fn)

=—m+n)gn—m+im~+n)fp_m=im+n)Ly_p, n>m,

Vi, Ln =6fmfn + Vg, &n +i(§fmgn —@gmfn)=0, n<m.

Third,

6LmL_” = 6fm f" + 6gmg"l - l(efmg” - 6gm fn)

=—(m+n)gn-m—im+n)fy—m=—i(m+n)Ly—p, n>m,

VinLon =V fu+ Ve, en —i(Vs 80— Vg, 1) =0, n<m.

Finally, we have

Vil on =V o=V gn—i(Vs gn+ Ve, fr)
= 2hmn&mn + 2ihmn frusn = 2ihmn L—m—n,
Vi Ln =V, fo = Ve, 80 +i (V5,80 + Vg, fu)
=2An,n&2n — 2idnn fon = —2iAnnLon,
Vi Ly =V fu+ Ve gn+i(Vign— Ve, fu) =0,
Vi Len =V fu+ Ve gn —i (V5,80 — Vg, fa) =0,
Vi, Lon=Vy, fa=Ve,8n = i(Vs,8n+ Ve, fu)
=2An.n8m + 2iknn fon =2ikpnL_2y. O

Definition 4.10. The curvature tensor Ex), :mg — mg is defined by
ny = xﬁy - 6)16)( - 6[)(,)7]“,@ —ad([x, y]bc)» X,y€4,
then the Ricci tensor Ric(x, y) : mg — mg is the trace of the map z — ﬁzxy.

Theorem 4.11. The only non-zero components of the Ricci tensor are

Ri ( Ly, L_,,) 13n3 —n <7z
1c s =——\ n .
V10nl A/10n] 66,
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Proof. Note that for any o, 8,y € Z we have ELyLang = Copy La1pty for some Cug, € C.

Therefore the only non-zero components of Ric(Ly, Lg) are when o + 8 = 0. We will deduce

the formula for Ric(Ly,/+/10u], L _n/+/10x]) in the case n € N, the case n < 0 follows from this.
Suppose m # n, then

EL,,,,L,,Lfn =V, Vi, Loy =V, Vi, Ly — VL, Lolw L—n — ad([Lm, Ln]b)L—n

n]m

==V, Vi, Ly —i(n—=m)Vp, L n==V1,VL,L
therefore
ﬁLm’LnL—":O’ m>n,
ELmsLnL_n = l(m + ”)6Lan—n = Oa m<n.
If m # n, then
EL*WI!LHL_" = 6]17}71 6LnL_n - 6Ln 6L—ml’—l‘l
= ViLyLylm L—n — ad([L . Laly) L
= _%Ln 6L—mL*n - l(m + n)eLn_mLfn
= _zikm,nﬁL”L_m_n - l(m + n)ﬁLn_m L—I’l
=—-2(m + 2n))\m,nL—m —i(m+ n)ﬁL,,,mL—ns
thus

ﬁL_m,L,,Lfn ==2m~+2n)ApnLl_m+2m+n)Ay_pnL_p, m>n,
IA?‘Lfm,LnL_,, =-"2m+2n)ry Ly —2n—m)m+n)L_,,, m<n.

Finally,

Re oy tnLon=VL Vi, Loy =V, VL Ly — Vi1 1w Ln — ad([L—y, Lnlp)L—n

= —6nipnL_n —2n°L_,.

Thus

Ri ( Ly, Ln)

ic ,
Von Von
_ i 2(m 4+ n)Ap—nn —2(m 4+ 2n)Ay _ i (m+n)2n —m)+2(m +2n)Apn
- On On

m=n+1 m=1
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B 2”: 20m 42k 2”: (m 4 n)(2n — m) + 2(m + 2n) A

On On
m=1
B " m+n)(2n—m) 13n3— -
B 60p
m=1
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