Phase segregation dynamics for the Blume-Capel model with Kac interaction.
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Abstract: We consider the Glauber and Kawasaki dynamics for the Blume-Capel
spin model with weak long range interaction on the infinite lattice: a ferromagnetic d-
dimensional lattice system with the spin variable o taking values in {—1, 0, 1} and pair
Kac potential v¢J(y(|i — j|)),v > 0,i,5 € Z?. The Kawasaki dynamics conserves
the empirical averages of o and o“ corresponding to local magnetization and local
concentration. We study the behaviour of the system under the Kawasaki dynamics
on the spatial scale v~1 and time scale y~2. We prove that the empirical averages
converge in the limit v — 0 to the solutions of two coupled equations, which are in
the form of the flux gradient for the energy functional. In the case of the Glauber
dynamics we still scale the space as v~ ! but look at finite time and prove in the
limit of vanishing v the law of large number for the empirical fields. The limiting
fields are solutions of two coupled nonlocal equations. Finally, we consider a non
gradient dynamics which conserves only the magnetization and get a hydrodynamic
equation for it in the diffusive limit which is again in the form of the flux gradient
for a suitable energy functional.

Key Words: Interacting particle and spin systems; Kac potential; hydrodynamic
limits; phase segregation.

1. Introduction.

We consider particle models which are dynamical versions of lattice gases with Kac
potentials. The Kac potentials are functions J,(r),r € R% vy > 0, such that J,(r) =
v4J(yr), where J is a smooth function of compact support. They have been introduced to
describe particle (or spin) systems with weak long range interaction between two particles
([KUE]). In the limit v — 0 the van der Waals theory of phase transition holds exactly for
these models [LP]. Here we propose to consider a Blume-Capel model with Kac interaction
that we call Kac-Blume-Capel (KBC) model. The Blume-Capel model is a spin system on
the lattice with nearest-neighbour interactions such that the spin variable can assume three
values: —1,0,1. It has been introduced originally to study the He3-He* phase transition
([B], [C]). The structure of the phase diagram at low temperature for this model is well
understood in terms of the Pirogov-Sinai theory ([BS]).
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The KBC model is defined by the formal Hamiltonian

Hyo)=5 3 Hl-io6)— o) ~m 3 ol —he Y 0%, (1)
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where h; and ho are two real parameters. In Section 2 we provide for this model the
analogous of the Lebowitz-Penrose theorem, showing that in the limit v — 0 the mean
field theory of the Blume-Capel model ([BEG]) becomes exact. The equilibrium properties
and the phase diagram of the model in the limit v — 0 are very interesting. There are
two order parameters characterizing the equilibrium Gibbs measure: the magnetization
m, the mean value of the spin, and the concentration ¢, the mean value of the square
of the spin. For inverse temperature (3 not larger than a critical value (3. there is a
unique Gibbs measure which is indeed a Bernoulli measure (as usual for these mean field
theories), while for temperatures sufficiently small (and suitable values of the parameters
hi and hy) the Gibbs measure is a superposition of Bernoulli measures corresponding to
different values of the couple m, ¢. In particular, there is a point in the phase diagram
where there are three extremal equilibrium measures, corresponding to positive, zero and
negative magnetization.

We study two Markov processes in the infinite volume spin configuration space €2 gen-
erated by self-adjoint operators in L?(Q, i), where u is a Gibbs measure for some 3, hy, ho
and finite v: the so-called Glauber and Kawasaki dynamics. They can be described in
words as follows: in the Glauber dynamics each spin at random times flips to a new value
or stays unchanged with probabilities depending on the difference of energy before and
after the flip. In the Kawasaki dynamics two neighboring spins at random times exchange
their values, or stay unchanged, with jump rates again depending on the energy difference.
The latter stochastic evolution conserves the difference and the sum between the number
of spins plus and minus (respectively total magnetization and total concentration), while
the former does not. Moreover, the jump rates depend on the magnetic fields hq, hy in the
Glauber dynamics and do not in the Kawasaki one. As a consequence, all the Gibbs mea-
sures whatever are hq, hy are invariant for the Kawasaki dynamics, while for the Glauber
dynamics the only invariant measures are the Gibbs measures with the values of hq, ho
equal to those appearing in the jump rates.

We scale the lattice spacing by v and look first at the behaviour of the system under
the Glauber dynamics in the limit v — 0. We show that the empirical averages of mag-
netization and concentration converges weakly in probability to the solution of the set of
two coupled non local equations (3.7) and (3.8) (in Section 3).

To get a definite limit in the case of the Kawasaki dynamics we have to scale also the
time as y~2 [GLP]. This is a process with two conservation laws. We prove also in this case
a law of large numbers for the empirical averages of o and o2, respectively magnetization
and concentration. Their limits satisfy the set of two coupled non local second order integro
differential equations (3.5) in Section 3. These equations can be put in a nicely form as a
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gradient flow of the free energy functional F

/drfo /dr/dr J(r —r")[m(r) —m(r')]? (1.2)

where u := (m, ¢) and fO(u) is

(¢ —m)log(¢ —m)+

l\J|H

FO(u) i= —m® + 6+ 67 [ (m + 6) log(m + ) +
(1.3)

(1~ 6)log(1 — @) — 9 log2].

The equations (3.5) become

Ot = Z > 0i[Ma 50 5—7;} (1.4)

=1 [3=1,2

and in vectorial form

5F
Bu="V - (MV S ) (1.5)

where 56732 denote the functional derivative of F with respect to u, and M is the 2 x 2

mobility matrix

M=6(1—¢)(¢+% ). (1.6)

It is easy to see that F is a Liapunov functional for (1.5). In fact

d 2

5
GF=-2 % [aag a,ﬁa,-é. (1.7)

=1 «a,B8=1

The homogeneous minimizers of the functional F coincide with the minimizers of f°, which
has a unique minimizer but is not convex for 3 large enough. The convex envelope of f°
is the free energy f of the KBC model at v = 0 and has some flat parts which single out
a region F' (forbidden region) in D = {(m, ¢) : ¢ € [0,1],m < ¢}, the domain of definition
of fO, such that for no value of the chemical potentials hi, hy there is an extremal state
with magnetization and concentration in F'. Any Gibbs measure with averages m and ¢
in F' has to be a linear superposition of the extremal states with (m, ¢) ¢ F.

These properties of the energy functional should allow to relate concepts of stable,
unstable and metastable phases with the behaviour of the solutions of (1.5)

Glauber and Kawasaki dynamics for the Ising model with Kac potential have been in-
vestigated thoroughly ( [GLP] and references therein ), providing a microscopic description
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of segregation phenomena. We refer for Glauber to the series [DOPT] and for Kawasaki
to the papers by [GL], where the authors study the Kawasaki dynamics, with one conser-
vation law, for the Ising model with Kac potential on a torus. Moreover they prove the
hydrodynamic limit by using Radon-Nicodym derivative methods and discuss the interface
motion and the segregation behaviour (see for recent developments [CCO]).

We would notice that the mean field free energy functional for the Ising model is also
not convex for 3 large and, since the first order phase transition in the Ising model occurs
at zero magnetic field, has a symmetric double well structure. In the KBC model instead,
the phase transition (in the sense of coexistence of phases) takes place at non zero h;
and/or hs.

Finally, we have also studied a different kind of dynamics, which is in a way intermediate
between Glauber and Kawasaki in the fact that it conserves only one quantity, the mag-
netization. Under this dynamics a bond (4,j) (namely a couple of neighboring sites i and
j) changes its configuration (o(i),0(j)) or stays unchanged, with probability depending
on the energy difference, to a new configuration (¢/(i),o’(j)) in such a way that in each
site of the bond the spin variable changes by 1 and o (i) + o(j) = o/(i) + 0/(j). Hence the
magnetization stays constant during the evolution, while the number of 0’s can change.
For example, changes from a bond configuration (—1,1) to a configuration (0,0) or from
(0,0) to (—1,1) are possible: a sort of annihilation and creation process. The jump rates
are chosen to satisfy the detailed balance with respect to the the Gibbs measures for the
Hamiltonian (1.1) with hy = 1. We derive under the diffusive scaling an equation for m,
while ¢ on such a long time scale has already relaxed to the equilibrium and its effect can
be seen in the mobility appearing in the equation for m. This dynamics is of the so called
non gradient type [Sp| and the proof of the hydrodynamic limit relies on the non gradient
method [V].

In Section 2 we describe the equilibrium properties of the KBC model and prove the
limit v — 0O for the infinite volume free energy and pressure. In Section 3 we introduce the
Glauber and Kawasaki dynamics and state the main theorems, whose proofs are contained
in Sections 4 and 5. In Section 6 we prove the hydrodynamic limit for the non gradient

dynamics.

The proof of the hydrodynamic limit for the Kawasaki dynamics is based on the method
of [GPV]. This method has been extended to infinite volume by Fritz [F], by using a bound
uniform in the volume for the entropy production. In the paper by Yau [Y] a different
proof of the uniform entropy production bound has been given for Ginzburg-Landau models
and in [LM] this approach has been used to prove hydrodynamic limit for a class of zero
range models. We follow the latter approach and prove a uniform bound for the entropy
production, which is the time derivative of the entropy. Here we consider not the entropy
but the relative entropy of the density of the process with respect to the Bernoulli measure
Vh, h, Parametrized by the chemical potentials, which is not invariant for the process.
Nevertheless, the bound of this production of entropy will be enough for the GPV method
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to work. In fact, it is easy to show that the Kawasaki dynamics (thought of as a lattice gas
dynamics) is a weak perturbation (and reduces at 5 = 0 to) of the following generalized
symmetric exclusion process (GSEP): each particle on the lattice jumps at random times
to a nearest neighbour site x if and only if there is at most one particle in x. Hence the

2 will be very close to the invariant measures for the GSEP

state of the system on times v~
process, which are the Bernoulli measures vy, ,. Therefore the uniform bound for this
entropy production will be sufficient to prove the hydrodynamic limit. The proof in the
case of the Glauber dynamics is simpler: martingales methods are enough. In both cases
it has been necessary to prove uniqueness theorems for the weak solutions of the limiting
equations.

The non gradient dynamics studied in Section 6 when formulated in the language of
lattice gases is a weak perturbation of a non gradient generalized simple exclusion process
introduced in [KLO]. The diffusion coefficient for this process is not a constant, like in
the symmetric exclusion process considered before, but a function of the density as a
consequence of the non gradient character of the dynamics. We work in this case in a
torus, the extension to infinite volume being more involved because of the non gradient
nature of the problem. The proof is based again on the method of [GPV] and on the non
gradient techniques of [V], that have to be adapted to deal with the perturbation. Also in
this case, we will use as reference measure the Bernoulli measure, parametrized this time
only by the magnetic field, which is not invariant for the dynamics. As a consequence,
since the dynamics is non gradient, in the limiting equation there is a new term related
to the solution of the non gradient problem for the unperturbed process. The presence of
this term is crucial to recognize that the limiting equation is in the form of the gradient
flux for a free energy functional. That is a general fact for non gradient dynamics weakly
perturbed by a Kac potential, (see [GLM]). The limiting equation is

om

with the energy functional G(m(r)) of the form

/drgO (m(r)) + % /dr/dr’J(r — Y [m(r) — m(r"))? (1.8)

where

0 (m) == — m?6 [ (m+ 6(m) log(m + 6(m) + 5 (6(m) —m) log(é(m) — m)+
(1.9)

(1= ¢(m))log(1 — ¢(m)) — ¢(m)log 2

and ¢(m) =< ¢® >, , with hy determined as a function of m via m(h1) =< o >,, .
The mobility is given by the Einstein relation ¥ = D(m)x(m), with y the susceptivity
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and D the diffusion coefficient, which is given by the Green-Kubo formula [KLO]. Note
that g°(m) coincide with the functional f© in (1.3), associated to the Hamiltonian (1.1) for
hy = 1, when evaluated in (m, ¢(m)). This is due to the fact that ¢ is a fast variable under
this dynamics and in the diffusive limit it relaxes to its equilibrium value < o2 >vn00
The convergence result that we get in this case is weaker that the one for Glauber and
Kawasaki, because we are not able to prove the uniqueness of the hydrodynamic equation,
due to the fact that the only regularity property known for the diffusion coefficient is
continuity. Could the Lipschitz continuity for D be proven we would get the stronger

convergence result.

2. The Kac-Blume-Capel model.

The Blume-Capel model is a model of spins with values 0, 1 with nearest neighbours
interaction, originally introduced to study the Helium phase transition. Here we introduce
a model that we call Kac-Blume-Capel (KBC) model which is a model of spins taking
values in {—1,0,1} on a d-dimensional lattice Z  and interacting by means of a Kac
potential.

A Kac potential is a function J,,(r), v > 0, such that

Jy(r) = fde(fyr), for all r € RY,

where J € C2(IR?) is a non negative function supported in the unit ball, with f]Rd J(r)y=1
and J(r) = J(—r) for all r € R.

The spin variable in the site i € Z ¢ is denoted by o(i) and the infinite volume phase
space is {—I,O,I}Zd. A configuration is a function ¢ : Z % — {—1,0,+1}, that is an
element of Q = {—1,0, +1}Zd. For any A C Z ¢, denote by o, the restriction to A of the
configuration o, op = {o(i), i€ A}.

The Gibbs measure, with potential J.,(r) and chemical potentials hy, ho at inverse tem-
perature 3 > 0, in a finite volume A and boundary condition ¢ is the probability measure
ufi on )

1
WI5(0) = — exp (= BH,(0al9)),
Z’Y:A

where Zf i is the normalization constant and H. (o, ) is the formal Hamiltonian in a finite
subset A of Z ¢, for the configuration oy

Hyon) =5 32 1= §)(o6) — o)~ Y ol) ~h Y 0%6),  (21)
i,;;j/\ 1EA i€EA

The infinite volume Gibbs measure ji, g is a probability measure on €2 that can be con-
structed by some suitable limiting procedure.
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The characteristics of models with Kac potentials is that the range of the interaction is

1 and the strength is v¢, while the total interaction with all the other spins stays finite
independently of v. Hence Kac potential interactions are useful to study the so-called
mean field limit v — 0. The infinite volume free-energy for the Kac Ising model has been
computed in the limit v — 0 by Lebowitz and Penrose ([LP]), and the result agrees (and
give rigorous support to) with the Van der Waals theory. The analogous result for the
KBC model is

Theorem 2.1 (Lebowitz-Penrose limit). Let py(3,h1,ha) be the pressure in the thermo-
dynamic limit at v > 0. Then

lim p, (8,01, h2) = sup|m? =g+ B s(m, @)+ ham + hog],  (22)
=0 (m,d:|m|<,¢<1)

where s(m, @) is the entropy of a Bernoulli process in Q with average spin equal to m and
average square spin equal to ¢ (' m is the magnetization and ¢ is called concentration).

s(m, 6) = — (m+6) log(m +6) — (6~ m) log(é—m) — (1~ 6) log(1 —6) + s log2 (2.3

The free energy f(83,m, ¢) is defined as the Legendre transform of the pressure as

f(ﬁ?m, ¢) = (Sup [hlm + h2¢ - p(ﬁ? hla h — 2)] = CE[ - m2 + ¢ - ﬁ_ls(mv ¢) ) (24)
hi1,h2)
where CE denotes convex envelope. The complementary result in the canonical ensemble

18

Theorem 2.2 Define the free energy f.(5,m,¢) at v > 0 as follows:
Consider the partition function in the canonical ensemble

ZA(N~,N%) = Zexp( )), (2.5)

oel

where T is the set of configurations {o} € Qa such that the number of spins o = 1 is fized
to be N~ and the number of spins o = 0 is N°. Let N be the total number of spins in a
finite volume A and put

m= EN (i) = E [N — 2N~ N°|
N =N ’
(2.6)

1L, 1 o
¢=NZ(0(Z)) = [V - N



The free energy at v > 0 in the thermodynamic limit is defined as

= li N'log Z,(N—, N°
Bfy (B, m, d) Ay og ZA(N™,N7),

where the limit is taken in such a way that (2.6) hold.
Then

lim f,(6.m,¢) = CE| —m’ + ¢ — 57 s(m. ). (2.7)

The proof of this theorem is similar to the one of the Lebowitz-Penrose theorem [LP],
(see also [DP]) and will not be given explicitly here. We only remark that the proof of
[LP] is based on a block spin renormalization procedure and the main point in the proof
is writing the renormalized Hamiltonian for the block spins (whose expression will depend
on the form of the interaction). Since the interaction term in the KBC model is a two
body interaction like in the Ising model this part of the proof goes trough in almost the
same way. Obviously, the entropy will depend on which are the values of the spin and is
in fact different from the one computed in [LP].

The phase structure of the model at v = 0 is very rich. To discuss the phase transition
we can for example examine the function p° := m?—¢+3~1s(m, ¢)+him+he¢ determining
the pressure in (2.2). The extremals of the function p® are determined by the equations

m = ¢ tanh(26m + Bhy),

(2.8)
¢ = exp{—0(ha — 1)}(1 — ¢) cosh(25m + Bhq).

These equations can be solved numerically. For 3 < (3, = % there is only one solution,

while for 3 > 3. the equations admit more than one solution and the function can have
13
272

in the plane (3, hs a line of second order phase transition, which changes to first order (made
of triple points) at 3 = 3. and hy = 1 + %1112. The point 5 = %,hl =0,ho =1+ %an
is called tricritical point. We refer for details to the paper [BEG]. In Fig. 1 there is the

more than one maximum for suitable values of hy and hy. For (3 in the interval [, 5] there is

graph of —p° as a function of m (by means of (2.8) ) at a three-phases coexistence point.
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Fig.1 —pY(m,é(m)) at B =3.76,h; = 0, hy = 0.06.

In Fig.2 it is shown the phase diagram in the plane hq, ho, for 3 large. There are
three lines of phase coexistence stemming from a triple point which separate the one phase
regions. In the semiplane h; > 0 (h; < 0) there is a line of coexistence of phases with
positive (negative) and zero magnetization and along the line hy = 0,hs > k there is
coexistence of phases with positive and negative magnetization.

ho

/1N

h1

Fig.2 Phase diagram at 0 >> (..

Finally we note that the function

fO=—-m*+¢—p""s(m,¢)

is not convex for 3 > % In fact

2B —g)+1
Hess(I) = = g) (@2 —m?):

9

(2.9)



The Hessian is negative in the region ¢—m? > (23)~!. Hence f, the free energy at v = 0
defined in (2.4) as the convex envelope of f°, has some flat parts for 3 > %, corresponding
to regions in D = {m,¢ : ¢ € [0,1],m < ¢} such that the vectorial function h(m, $),
h := (h1, ha) cannot be inverted. We call this region in D forbidden region and denote it
by F. A point (7, ¢) € F has the property that the equations m(h1, he) = m, ¢(h1, he) = ¢
cannot be solved for (hy, hs).

Fig.3 fO(m,¢) at 3 =2

Remark.

This model can also be looked at as a lattice gas of two species of particles such that
in each site of the lattice there is at most one particle for each species. A way of realizing
the correspondence is for example the following. Call n(i) = 1,0, n,.(i) = 1,0 the
occupation number in the site ¢ of the particles of color blue and red respectively. Then the
relation o (i) = ny(2) — n,-(i) determine a lattice gas of particles blue and red with repulsive
interaction between particles of the same color and attractive interaction between the same
colors. Under this correspondence a configuration of particles n with two particles in a site
7 is identical to a configuration ¢ with no particles in 1.

Finally we note that the relation o(7) = n(i) — 1 links the model to a lattice gas with
one species of particles with at most two particles per site.

3. Glauber and Kawasaki dynamics.

We consider two kinds of dynamics for the spin system introduced in the previous
Section: the Glauber and Kawasaki dynamics, the latter conserving both magnetization
and concentration.

For (i,j) € Z¥x Z% ke Z?, o € Q and any cylinder function F : Q@ — IR, define
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(Vi;F)(0), (Vi F)(o) and (V; F)(o) by

(VijF)(0) = F(o™) = F(0),
(ViF)(0) = F(e=F) - F(0),

where 07 is the configuration obtained from o by interchanging the value at i and j :

o(l) ifl#i,j

(c™) (1) =14 o(j) ifl=i
and o** is defined as
; [ ifl £k
(e=%) (1) = {g(k)ilmodB ifl=Fk.

The Kawasaki dynamics with parameter § > 0 is the unique Markov process on {2,
whose pregenerator IL,[Y( A acts on the cylinder functions as

(LE2F) (o) = > Cf’ﬁ(i,j;U)[(Vi,jf)(U)]-
WS

Here and in the following |.| stands for the max norm of R%. For (i,j) € Z* x Z ® and
o € (), the rate C’f’ﬁ(z’,j; o) is given by

CIO(i, ji0) = B{B(Vi;Hy(0)) }.

Here @ : R — IR, is a continuously differentiable function in a neighborhood of 0, such
that ®(0) = 1 and satisfies detailed balance condition (cf. [GL] and [GLP])

®(E)=exp(— E)®(—E). (3.1)
The generator of the Glauber evolution is given by

(LS21)(0) = Y OF*(i:0)|(VEF) (o)

1€Z 2
where the rates C¢ *#(i;0) are defined as

1
1+ exp (6(V§tHV)> .

G, /.. _
Cy = (i0) =

N | =

corresponding to the choice ®(E) = 1 [1 + exp E] -
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Notice that the quantities (Viyij) and (Viin) are well defined since they involve
only a finite number of non zero differences. For the proof of the existence and uniqueness
of these Markov processes, we refer to Liggett [Li].

In the case of Kawasaki dynamics, if § = 0, the evolution reduces to a simple known
process. In the setting of the lattice gas with one species of particles this dynamics is
a generalized simple exclusion process GSEP [KL] with rate one, and we shall denote its
pregenerator simply by IL°. It differs from the usual SEP for the exclusion rule involved: in
each point are allowed at most two particles. We shall see in Section 3 that the dynamics
with 6 > 0 is a weak perturbation of this simple exclusion. As explained in the remark
in Section 3, the Kawasaki dynamics can also be interpreted as the motion of two species
of particles, moving as a symmetric simple exclusion process with rate one, with the
exclusion rule n, + 7, < 1, such that also jumps exchanging colors between neighbour sites
are allowed. If such jumps are forbidden the system becomes a non gradient system and
the diffusion coefficient in this case is different from one ( [Q)]).

Since the Kawasaki dynamics conserves magnetization and concentration the invariant
measures will be Gibbs measures parametrized by two chemical potentials. It is useful
to introduce the invariant measures for the exclusion process GSEP, which are Bernoulli
measures depending on two parameters. For each positive integer n, denote by A,, C Z d
the sublattice of size (2n + 1)¢, A,, = {-n,---,n}%. For A = (a,b) € [~1,1] x [0,1], we
define 74 as the product measure on 2 with chemical potential A such that, for all positive
integer n, the restriction v4 ,, of 74 to (2, is given by

dvp ., = ZZ}n exp{a Z o(i)+b Z 02(i)}7

€A, 1€EA,

where Z 4 5, is the normalization constant. For (a,b) € [—1, 1] x [0, 1] let m = m(a, b) (resp.
¢ = ¢(a,b)) be the expectation of o(0) (resp. 0%(0)) under v p:

{m(a,b) = E"(0(0))
¢(a,0) = E"(0%(0)).

Observe that the function ¥ defined on | — 1,1[x]0,1[ by ¥(a,b) = (m,¢) is a bijection

from ] —1,1[x]0, 1] to I = {(m, ¢ 0<p<l,—1<m< ¢}. For every P = (m, ¢) € I,
we denote by vp,, the product measure such that

{m = E""[0(0)] (3.2)

¢ = E"Pn [02(0)}.

We take v~!, the range of the interaction, as macroscopic space unit and consider the
limit v — 0. We want to establish for both Kawasaki and Glauber dynamics a law of
large numbers for the empirical fields corresponding to magnetization and concentration.
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In the Glauber case we look at the behaviour of the fields for finite time, while in the

Kawasaki case the relevant time scale is v~2. Fix a sequence of probability measures
(/ﬂ),y, associated to the same initial profile (mo, gbo) : R x R* — I in the following

sense

U(:p)mo(x)dx‘

yg})m{ [‘vd > U)o (i) -

d
IEZ 4 R

(3.3)

‘7 > Viiy)o / (w)eéo(l‘)dw’

i€Z

>5}:0,

for every continuous functions U,V : R — R with compact support, and every § > 0.
Denote by P( )8 (resp P( )A ) the probability measure on the path space D(IR, )

with the generator fy‘Q]L,Iy{”B (resp. ]LG’ﬁ)

).B

corresponding to the Markov process (a(t, )) £50

and starting from p”, and by E( )P (resp E( )0 ) the expectation with respect to P(

(resp P(G) ) Denote by C%((]Rd) the space of real twice continuously differentiable
functions Wlth compact support.

The main result of this Section is the following theorem.

Theorem 3.1 Under (3.8), for any 6 >0,t>0 and U,V € Cf((IRd) the following holds

(i) Kawasaki dynamics.

y&% Pﬁf)ﬁ{ ‘,yd 'Zd U(iy)o(t,i) — /]Rd U(m)m(t,w)dx‘
1€EZ (34)
d iv)o(t, i) — T r)dx =
+ | zzj V(7)o i) /R V(@)e(t,x)d )] > 6}
where (m, ¢) s the unique weak solution of
om =V - [Vm — 2[3(@5 - (m)z) (VJ * m)],
016 =V - |Vo - 28m(1— 6) (V. +m)], (3.5)

m(07 ) = Mo, ¢(07 ) = ¢o

where x denotes the convolution on the spatial variable.
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(ii) Glauber dynamics.

lim Pﬁﬁm{ \wd > Ulin)o(t,i) - /

d
=y A R

+ ‘vd > V(i’y)a(t,i)Q—/

d
IEZ 9 R

U(x)ym 9 (t, x)d:z:‘

(3.6)
V(z)p@ (t,x)da:(] > 5} —0,

where (m(G), (b(G)) is the unique weak solution of
m© g (M G/ (Mm@, ¢(@)
81: (¢<G) > =g ( ¢(G) ) = (gg(m@)?(b(c)))

(e )= (i)

and Qlﬁ, g§ are defined as

(3.7)

Gy (m, ¢) = i{taﬂhg(aﬂLh/) +tanh§(a — h’)}

1m B , B ,
—|—42{tanh2(a+h) tanh2(a h") M

¢ 1 s no 1 s :
+ Z{Qtanhﬁa— itanh§(a+h ) — itanh§(a—h )}

2n) = o Sla e - a0}

+ i%{tanhg(a —h) +tanh§(a+h’)} (3.8)

_ __{tanhg( +h') —tanhg(a—h')} + 2(2—3@.

Here
a=2mxJ+h;, h’zhz—/ J(z)dex =hy — 1.
]Rd

and * denotes the convolution.

The limiting equations for the Kawasaki dynamics can be rewritten in a nice form as a
gradient flux associated with the local mean field free energy functional. Put u := (m, ¢).
Define the free energy functional as

F(u) := 1 dr s(u(r)) — /dr/dr'J(r —r"Ym(r)m(r")
14



and the mobility matrix as
M = —p[Hess(s)]”" = (1 — ¢) 1-¢ :

Then equations (3.5) become

ou =V (MV5—7:>
ou

Writing the free energy functional F in the equivalent form

[arso(ur) + 5 [ ar [ dr'ae—)mir) - m()p2

with
fO(u) == —m?® + ¢ — B s(u)

we see that F reduces for homogeneous profiles of magnetization and concentration to
the non convex free energy f° of the KBC model, so that the stationary homogeneous
solutions of the equations (3.5) coincide with the solutions of (2.8). Moreover, F is a
Liapunov functional for the evolution, namely is decreasing in time along the solutions of
the equations (3.5). This follows from (1.7) and the positivity of the matrix M.

On the contrary, in the Glauber case the limiting equations (3.7)-(3.8) are rather messy.
It is not even known if the energy functional is a Liapunov functional: we have only
numerical evidence.

The region D in the plane (m, ¢), such that D = {m,¢ : 0 < ¢ < 1,|m| < ¢, } can be
partitioned for any fixed 8 > /3, in three parts:

a) the unstable region U = {(m,¢) € F: ¢—m? > (23)'}, where F is the forbidden
region defined after (2.9).

b) the metastable region M = {(m,¢) € F: ¢ —m? < (28)71}

c) the stable region D — (U U M).

The segregation phenomena may appear by choosing an initial datum corresponding
to total magnetization and concentration in the unstable region. One expects that a
stationary solution of the equations (3.5) with this initial condition be unstable.

4. Dirichlet form estimates for Kawasaki dynamics.

The proof of Theorem 3.1 is based on a priori estimates uniform in the volume for the
entropy and the Dirichlet form, which are given in this section. For each positive integer
n and a measure p on , = {—1,0,1}*~, we denote by s, the marginal of y on Q,,

(&) = pi{o : o(i) =&(i) for |i| <n} for each & € .

15



For a chemical potential P, and a positive integer n, we denote by s, (tn|Vpy,) the relative
entropy of p, with respect to vp,y,

Sn(tnlvpn) =  sup {/U(U)dun(a) —log/eU(")dupm(a)}.

UGC%(QH)

In this formula Cy(£2,,) stands for the space of all functions on €,,. Since the measure vp,,
gives a positive probability to each configuration, all the measures on €2, are absolutely

continuous with respect to vp,, and we have an explicit formula for the entropy :

su(finlvpn) = / log (fu(0)) dpin(0),

where f,, is the probability density of j,, with respect to vp,,. Notice that by the entropy

convexity and since sup, sup, |o(7)| is finite, we have

Sn(in|vpn) < Con® (4.1)

for some constant Cy that depends on P (cf. [KL]).
Define the Dirichlet form D, (pun|vp,,) of the measure p,, with respect to vp, associated
to the exclusion process by

D (pinlvpn) = — / V@) @O/ F) (0)dvp.a(o)
- Z Iz‘,j(fn)a

i,JEAR
l[i—jl=1

where I; ;(.) is given by

1i(fa) = /W 0 VI (@)dvpm(0)

and 1LY is the restriction of the process to the box A,

Z LY.

i,jEAn
li=jl=1
Here for a bond (i,j) € Z % x Z°, IL?, ; stands for the piece of generator associated to the
exchange of spins between sites ¢ and j for the exclusion process.
Define the entropy S(u|vp) and the Dirichlet form D(u|vp) of a measure p on 2 with
respect to vp as

Stulvr) =2 X sulimlormle ™,
n>1

D(ulvp) =7 Dulpnlvpn)e ™.

n>1

16



Notice that by (4.1), there exists a positive constant C' depending on P such that for any
probability measure p on €2

S(ulvp) < Cy~4. (4.2)

Through this section we consider Kawasaki dynamics with fixed parameter 3 > 0 and
with fixed scaling parameter v~!. We shall denote by (Sf’ﬁ (t)) > the semigroup as-

sociated to the generator 7_2E5’6 (that is the semigroup of Kawasaki dynamics with
parameter 3, accelerated by y~2). For a measure u on 2 we shall denote by pu2(t) the
time evolution of the measure 1 under the semigroup S0 P (t) = pSIOP(¢).

When 5 = 0, the process reduces to the generalized simple exclusion process (Lemma
4.1), and in particular the product measures are invariant for the generator ]Lf’o. In
this case, by using the methods of [F] and [Y] one can get entropy and the Dirichlet
form estimates uniform in the volume, for the entropy of processes evolving in large finite
volumes and then extend them by lower semi-continuity to the infinite system. For § #
0 product measures are no more invariant for the generator, but it is possible to take
advantage from the fact that the process is a weak perturbation of the exclusion one
(Lemma 4.1 below) and adapt the Fritz’s approach to that case without considering an
approximation of the infinite volume dynamics. Notice that from (4.2) there is no need
for an initial condition on the entropy in Theorem 3.1.

Lemma 4.1 For anyic Z 2, unit vector e € Z and o € Q

CIA(iyit e;0) =1—yB[o(i+e) — ()] Y (e-VI)(v(i—£)a(l)

eZ
— ¥ 18[a(i+€) — o (i)]* (e - V.I)(0) + O(1?)
=1+ BO(v).

Proof. By definition of H.,, for all 7,j € Z<%and o € Q

(VijHy)(0) =2[c() — o)y D [J(i—0) — I, —0)]o)
ez (4.3)

+2[a(i) — o ()] 74Ty (i — §) — I, (0)].

To prove the lemma, it is enough to remark that the conditions imposed on ® imply
that ®'(0) = —3 (cf. [GL]) and to use Taylor expansion. [J

We get the following estimate for the Dirichlet form in the infinite volume:

17



Theorem 4.2 There exists a positive finite constant Cy that depends on P, t and 3 such
that

t
/ D(u™P(r)|vp)dr < C1y* 7
0

The strategy of the proof is to introduce suitable entropy and Dirichlet form in finite
volume and bound the corresponding entropy production in terms of the finite volume
Dirichlet form times 4? uniformly in the volume (Lemma 4.2). Then, the a priori bound
on the entropy (4.2) allows to get the estimate.

Fix a measure p on €2 and a chemical potential P. For every ¢ > 0 and positive integer
n, denote by f! the probability density of (uK”B (t))n with respect to vp,. To simplify
the notation, we denote respectively by s, (f!) and D, (f!) the entropy and the Dirichlet
form of (uK’B(t))n with respect to vp,,. For all positive integer M, let M., be defined by
M, = N2 + M, where N, = [y~'] stands for the integer part of 7~'. Define respectively
the entropy Saz. (.) and the Dirichlet form Dy (.) with finite sum by

<

~

Su, (WP Olvp) =7 ) salfr)e™™,

n

F

Dur, (1P ()vp) =7 Du(fl)e ™.

n

I
—

Lemma 4.3 There exist positive and finite constants Ay and A; that depend on P and (3
such that, for all positive M

GtSMV (IUK”B(tMVP) S —")/_21401)]\4,Y (IUK’B(t)‘I/P) + Al’}/_d. (44)

Before proving the Lemma we conclude the proof of Theorem 4.2.
Proof of Theorem 4.2. Integrate (4.4) from 0 to ¢, let M T oo and use (4.2). O

Proof of Lemma 4.3. We drop the indices in I[Jff % and denote the generator simply by
IL, For all positive integer k denote by ILg the restriction of the generator IL to the box
Ay. For a subset A C A of Z“, and a function h in L'(vp4), let (k) , be the function on
{—1,0,1}*\4 obtained by integrating h over the coordinates {o(z) : x € A} with respect
to vpa. When A = Ay 41 — Ay, we shall denote this expectation simply by <h>/\nm'

With this notation, we can verify that f! satisfy the equation

O fr =777 <]L;+1f£+N7+1>An+z\rW ) (4.5)

18



where for a positive integer k, IL; represents the adjoint operator of ILy in L?(vp,, ). By
relation (4.5) and the explicit formula for the entropy we have that

Opsn(fr) = 72/f7t7,+N7+1ILn log (f2)dvpn+N,+1

+7_2/fﬁ+NW+1(5Ln+1)10g (f2)dvpnsn, +1 (4.6)

=0l +02.

The first term 2! in the right hand side of the last inequality corresponds to the exchanges
in the interior of A,,, while the second term Q2 is associated to exchanges at the boundary

(OLa)(f) = > CF,js0)|[(Vigf)()]-
1€EAR,JEAR
li—jl=1
The proof is divided in three steps. In the first two steps we estimate 2. and Q2 and
in the third one we prove (4.4) .

First step (bound of Q).
Fix a bond (4, j) € A, x A,, such that |i — j| = 1, denote by IL; ; the one bond generator
corresponding to the exchange of spins between i and j and let F7 (o) be the function

defined by F'7 (o) = < 7T ((;)j ) n+N7+1(')>An+NW. We have

fn(0™)
fulo)

72 / Foony g log (£)dvp =27 [ Fi9 () 14(0)los { fdvp(o).

Using the basic inequality

a(logb—loga) S—(\/_—\/B)2+(b—a) (4.7)
for positive a and b, the right hand side of the last expression is bounded by
7 [ Fi@)[VIe) - Vi) dve 497 [ (o) i) = fio)]ave. (48)

Observe that for all function h and positive integers n and m, <hn+m+1> An+m = hn. In
particular, using Lemma 4.1 we have that

‘Ffb’j(a) - 1‘ < B~.

With this remark, and since the measure vp is invariant for the exclusion process, (4.8) is
bounded above by

1= B) [ (Vi) - Vi) dve + Byt

19
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Using the elementary inequality 2ab < A~1a? + Ab?, the second term of the last inequality
is bounded by

A B - 2 A B2
S )+ o [ (VI + V@) dve < 52 L6 + 25

where we used in the last inequality, Schwartz inequality and the fact that f! is the
probability density with respect to vp. Choosing A small enough, and taking the sum over
all 7,j € A,, such that |i — j| = 1, we get

QL < —CoDn(ft) + Chn? (4.9)

for some positive constants Cy and Cj.

Second step (bound of Q2).
Fix a bond (¢,7) € A, x A, such that |i — j| = 1 and decompose IL; ; in three terms,

Li; =LY + LY LY, (4.10)
where for (I,m) € {(0,1),(—1,0),(—1,1)}, ]LZ(.f]’.m) is given by

(L 9) (o) = 5 @O o) [o T 0) - 9(0)]

- r(-lﬁm)(U)Ci(’ﬁ(iaj; o) [Q(Tfﬁj—la) - 9(0)} .

75

Here for + = 1,2, (i,j) € Z* x Z“ and a configuration o, T"/o is defined by Thig =

(

o—10;+d;, and rifj’.m)(a) = lyo(i)=t,0(j)=m}- For k € Z <, 5y, is the configuration with spin

1 at site k£ and none elsewhere, and addition of two configurations is defined coordinate by
coordinate.

The term Q2 in (4.6) can be written as a sum of terms QZQJ associated to the bond
(i,7). The decomposition (4.10) induces an analogous decomposition for Qf ;- We study

explicitly only the one corresponding to ILZ(.;l’l), that we denote by 9531,1)_ The other two
terms are dealt with in the same way.

QEEM) - 7_2/f£+1v7+1(0)m§,j171) log (f,(0))dvp.
Let FlZ 7 and F2” be defined by

(0) = Uo(=1y 03" (1,53 0) Fay, 41(0),

qu'aj
in’j((’) = 1{a(j):1}07[(”8(i715Uj’i)f£+Nw+1(Uj’i)-

20



By changing variables, Qg;l’l) can be rewritten as

772 [ tten {(F @) g — (B 0)) o prow {22 (o). (a0

Since we have that (a —b) ( log ¢ —log d) is negative for a, b, ¢ and d positive real numbers,
unless a > b and ¢ > d or a < b and ¢ < d, we may introduce in the last integral the
indicator function of the set E! U E2, where

By = {0« (FI7(0)) o 2 (F(0)) ynoms [hlo +26)) = fil0) },
B2 ={o i (F7(0)) nems < (FYP (@)A1, [h(0+26;) < filo) }.

We shall consider separately the integral on E! and E2

n?

and we call Q4 (resp. Q5) the
integral on the set E! (resp. E2). We consider first the integral on E! and rewrite it as
the sum of two other terms

Q=77 / Loto=—13{ (FI7(0)) ynins = (F37(0)) ynone }log {W}lmdw(@

. . s J;
+7_2/l{U(i)——l}{<F§,J(O_)>AZ+NW - <FQZ’J (0)>AZ+NW } log {%}lEidl/p(O‘).

where F3” is defined by

Fg’j(d) = 1{a(j):1}05’6(iaj§Uj’i)ffl+N7+1(U)~

Applying Lemma 4.1 below, we obtain that the first line of the last expression is of order
~~1. Indeed, observe that we have for all configurations o

7_2<F1i7j (a)>AZ+Nﬂ, — <F§’j (0)>AZ+NW
=7 (Lo()=1) [C’f’ﬁ(i,j; 0) - Cf’ﬁ(i,j; Ui’j)]frtL+N'y+1(O->>AZ+NW
S C2,y_1<f£+N’Y+1(O-)>AZ+N7 = 027—1f£(0_)

for some positive constant Co, and on the set E}, we have that ff(o+2d;) > fi (o). Hence,
from inequality (4.7), the change of variables and the fact that f! is a probability density
with respect to vp, the first term of €24 is bounded by

Coy™! / Liooyoesy | F2(0 + 26:) — fi(0)|dup(o) < Chy™

for some positive constant C% that depends on P and 3. We estimate now the second term
of Q4. Since on E} we have f!(o+25;) > fi(o), we may replace the indicator function on
E! by the indicator function on the set E2 defined by

B = {0+ (B (@) ynins = (B39 (0)) yonrs filo+260) = fi(0)}.
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Since for all positive =, logz < 2(y/z — 1) , and since on the set E3, we have that

n?

<Fi,j >A"+N7 > <F J )>AZ+NV’ the second integral of (24 with indicator function on
E3 is less than or equal to

22 / Hotrmny { (F3(0)) s = (F3(0)) s H f - ~ 1M pydvp(o).

By the elementary inequality 2zy < 1— 24 2 y? and since (A—B) = (VA—VB)(VA+
\/E) we have that for every positive A, B, a,b and for every positive «,

z(A - B> ((b/a) —1) < %l(\/ﬁ— VB)® + %(\/Z+ VB)*((b/a) —1)°.

In particular the last integral is bounded above by

z 2
—/1{0(2)——1} <F n+N-y - \/ J n+N-y} dVP(O')

+ a'Y_l / 1{o(i):fl}{\/<F§J (U>>A2+Nw + \/<F§’j (U)>AZ+Nv }2 (4.12)

X {M+(—;?5i) — 1}21E%d7/]3(0')-

The first line of this expression is bounded above by the one bond Dirichlet form. It is

equal to

n+2N,

sz_a Z / \/ (= 11) B(@ j;ot9) fr, (a0t )>AZ?

T m= n+N,+1

which, by Schwartz inequality, is bounded by

n+2N,

Y [0S ) V) - TR @ ) e (o)
m=n+N,+1
_ n+2N,
<o Y [ OV - V) v (o)
m=n+N,+1
2 n+2N,
—al= Y [V - V@) dve(o),
m=n+N,+1
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where we used the fact that there exists a positive constant Cy, such that C’f’ﬂ(i, jio) <
Cy, for all configuration o.
Finally the second term of (4.12) is bounded by

1 <F§J(U)> ntNy 2
19740 [ o) VR T 25) ~ V@) (o)

< 4C'47_104/ Lio(iy=13{ V/ L (o +26;) — \/fﬁ(a)}deP(U) < Csyy o

for some positive constant C5 that depends on P. We have changed variables and used
the fact that f! is a probability density with respect to vp.

Collecting the above inequalities, we get the following bound for 4. For any positive «

Qu <y HCY + Csa)

7_2 n+2N, (—1.1) _ o (413)
ro o [NV - V@) (o),
m=n+N,+1
The term €25 will be handled in an analogous way. It can be rewritten as
05 =2 [1 (F39(0)) woms — (i () og { =29 \4 o)
5 — /Y {U(i):—l} 2 o AZ+N7 4 g AZ“’N’Y Og f,rtl(a- + 251) E% vplOo
fulo)

A2 / 1{0(1-):_1}{<Fiﬁj(a)>AZ+NW — <Ff’j(a)>A2+NW } log {m}lEngP(U)

with
Fyl = 1{a(j):1}05’ﬁ(i7j;0)f£+N7+1(UJ’Z)-
By the same arguments used to estimate 4, we obtain by exchanging the role of f! (o)
and f! (o + 26;),
Qs <77 1(Ch + Cs)

_9 n+2N,

ra - [ PO ~ V@) dve(o)

for all positive a. Therefore, taking advantage of this last inequality and of (4.13), we get

y2 / Foon, 1 (@)L Tog (fL(0))dvp < 297H(Ch + Csa)

) n+2N,
O / r G OV F @) = V(@) dve (o).
m=n-+N,+1
_9 n+2N,
+0s / OV (079) = VL (0)} dvp(o).
m=n+N,+1
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To conclude this step, we have just to sum over {(0,1),(—1,0),(—1,1)} and over {(i,j) €
A, x AS i — j| = 1}. We obtain

_9 n+2N,
Q2 < ni-1 _1(C2+c5a)+c47 > L(fh) (4.14)

m=n+N,

for any positive a.

Third step (Proof of (4.4)).
From (4.6), (4.9) and (4.14), for all positive n
Orsn(t) < —CoDp(f1) + Chyn® + 6n?~1y~1(Ch + Csa)

n—|—2N.Y

)
+C4% > > Lfh).

Multiply both sides of this inequality by e "7, sum over 1 < n < M, and for o large
enough. We get for some positive constants Ag and A;

Su(t) < —AoDn(fh) + A1y~

M, N,
+ 04’}/ E € 5 E IZ,] (fm—l—n—i—Nv)'
n=My—2N,+1 m=1 (4,j) €A, XAS

To conclude the proof of Lemma 4.3, it remains to observe that the third term of the
right hand side of the last inequality is bounded by Const.y~%. O

Corollary 4.4 For all K > 0,

t
/ DKNW (f}—{Nw)dT S 201€K+1’}/2_d.
0

Proof. Fix K > 0 and 7 € [0, ], since by Schwartz inequality n —— D,,(f7) is a nonde-
creasing function we have

1 N.

DKNA, (f_;—(Nﬂ,) F Z DKN +m(fKN +m)

7 m=1
N,

1
K+1 E : rT KNy +m)~y
se F DKN"/ m( KN, —l—m)e ( )

m=1

< 26K+ID(MK’5(T)|VP).
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5. Hydrodynamic limits for Kawasaki and Glauber dynamics.

In this section we prove Theorem 3.1. Let Cx (le) denote the space of real continuous
functions (with compact support) and denote by M the space of signed measures on R¢
with total variation bounded by 1 equipped with the weak™ topology induced by Cx (]Rd)
via <u,U> = [Udp.

Given a configuration o(t,.), we define the empirical measures 727 (o (t,.)) = m;" and

27(a(t,.) = 727 by

(7rtl’7,7r,52’7) = <7d Z o(t,i)0y , v* Z (J(t,i))Qéw-),

=y i€EZ @

where 6.,; is the Dirac mass at the macroscopic site yi. We shall denote in the sequel o(t,1)
by 0,(i) and (o(t,4))” by o(t,)2.

Kawasaki dynamics.
First of all, in order to prove (3.4) it is enough to show that, for any positive time ¢,
any functions U,V € Cg (]Rd) and 6 > 0,

%ii% ng)’ﬁ{‘@ri”, U)+ <7rf’7, Vy— (m(K)(t7JI)U(I) + (¢, :L‘)V(:U))dac‘ > 5} = 0.

]Rd

where (m(K)(., D), (L, )) is a weak solution of the hydrodynamic equations (3.5).

Fix a parameter § > 0 and consider the Kawasaki dynamics at 3 positive. For a fixed
time interval [0,77], we denote by PLIW{) the law of the process (o¢):cpo,r] accelerated by
v~2 on the space D([0,T],€) and by ng) the law of the process (W%’W,Wf’v)te[oyT] on
the space D([O,T],MQ) with initial distribution p”. The law of large numbers for the
empirical measures 7, and 7" follows ([GPV] ) from the weak convergence of the prob-
ability measures Ql(ff) to a probability Q%) concentrated on the deterministic trajectory
(wi(t,dx), 72(t, dz)) = (M (¢, z)dz, ¢ (¢, 2)dz), where (mUE)(.,.),¢H)(.,.)) is a weak
solution of the hydrodynamic equations (3.5). The proof of this result requires tightness,
identification of the limit and uniqueness of the weak solution of the limiting equation.

Lemma 5.1 Tightness. The sequence (Q%())v is a tight family and all its limit points
Q* are such that

@ {(rh )+ ((de). 2(0.00) = () n ¥ a)in) ) = 1

Q*{(ﬂ'l,ﬂ'Q) 1< 7l(tz) <1, 0 < 72 (t2) < 1} =1.

The proof of 5.1 is very simple since sup, sup, |o(i)| < oo and therefore is omitted.
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Lemma 5.2 All limit points Q* of the sequence (Q;(ff))y are concentrated on weak solu-
tions of equation (3.5).

Finally, the law of large numbers follows from the uniqueness of the weak solution of
equations (3.5), whose proof is given in Lemma 5.4 below.

Proof of Lemma 5.2. Denote by C;2([0,T] x IR) the space of compact support functions
V10, T]x R? — IR, twice continuously differentiable on space with continuous derivative
in time. Fix a function U = (U!,U?) such that U'(t,z) = U}(z) and U?(t,x) = UZ(z)
are in Cg”([0,T] x R?), and consider the martingale MU defined by

2 t
MY =>" { <t UM > — <7t Uy > —/ (85 +y LR < U > ds}
0

n=1
with the quadratic variation NV given by

t 2 2
NU = (MtU)2 _/ {7_21*5’5(2 <7 U > >
n=1

0

2 2
—2(2 <7 U > )7‘21L5’5<Z <7 U > ) }ds.
n=1 n=1

Denote by {e1,---,eq} the orthonormal basis of RY, and observe that for all i € Z¢,

oc€eQand k=1,---,d we have C’f’ﬁ(z’ + e, i;0) = Teka”B(i,i — ey;0), where 7., is the

space shift by e; acting on ). Hence, a spatial summation by parts permits to rewrite the
integral term of MY as

2 t
> / (77, 0,U™ds
n=1 0

2 t d
_Z/O YU ST ST OOt e i.04) [0 (i 4 en)™ — 0u(6)"] (UL (vi)ds.

iCZ * k=1
Here 9] represents the discrete derivative in the k-th direction:
(ORV)(vi) =7 V(v +ex)) = V(vi)].
Notice that the conditions imposed on ® imply that ®'(0) = —1/2 (cf. [GL)), in

particular, using Lemma 4.1 and a second summation by parts, we may rewrite the second
term of the last integral as

2 {vd > 3 [ asf ety [U:<v<z'+ek>>+vs<v<z'—ek>>—2U:<w>]}}

i€Z 4 k=1

2 d ¢
+§;{7d 3 Z/o ds{(GZUS")('yi)(Tign(g))(W;W*82J)(’yi)}} + 04(1),

icZ * k=1
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where 0,(1) is a random variable that converges to 0 with v and * stands for the convolution
in the spatial variable. For n = 1,2, the functions ¢" are defined by

g9"(0) = [o(ex) — o(0)] [o(ex)" — o(0)"].

This time, however, it is not the density fields themselves that appear in the second
term of the last expression but another local function of the configuration. Following the
methods of Guo-Papanicolaou-Varadhan [GPV], the main step in proving the hydrody-
namic equations is to replace this local function by another function of the density fields
in order to close the equations. For a cylinder function ¥, we denote its expectation with
respect to the measure v, 4) = vp defined in (3.2) by \Tl(m, }):

W(m,0) = [ W(o)ive(o)

and for a positive integer £ and i € Z %, denote the empirical mean densities on a box of
size (20 + 1)d centered at i by (A'Y0)(i) and (A%%0)(i):

(oo o) - (s § et ¥ e

(2€+ D" i S<e (20 +1)" li—j| <t

Lemma 5.3 For every cylinder function ¥ and every V : [0,T] X RY — R with compact

Z/ ds| Vi (vi) {

I€EZ

support

(25N7—|—1)_d Z ;¥ (o)
|j—i|<eN,

~ ((AlﬁNms)(i), (szanaS)(z')> ‘}] =0,

lim sup lim sup E
e—0 ~v—0

where N, is the integer part of vy~ 1.

Since the support of the function V' is compact, by corollary 4.4 the proof of this Lemma
is very similar to the one usually used in finite volume. Nevertheless, we shall give a sketch
of its proof at the end of this subsection.

Let us go on with the proof of Lemma 5.2. Now, by Lemma 5.3 and Taylor expansion
applied to the functions U', U? and J, the integral term of the martingale MY can be
written as

»H)
n=1k=1"0

ds{<7r (0 U + 07U

l\DIQ

(OxUZ) (vi) (mh7 % 0T ) (7i)g ((A1 ENWJ) (1), (AQ’ENWU) (z))

} + 0%5(1)7

=y A
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where 05, and 07 represent the first and the second derivatives in the k-th direction, and
04,6(1) is a random variable that converges to 0 when v — 0 and ¢ — 0.
Moreover, remark that

g ((ATN70)(0), (A%N0) (i) ) = 2| (A2 0) (5) - ((A*N0) (@'))2],

g2 ((AMY0) (i), (A2N70) (i) ) = 2(A™0) ()1~ (A2™0) (7).

On the other hand, a simple computation shows that the quadratic variation of the mar-
tingale MU is equal to

N (MU 2d Z /{CKBZ]aUS>

[i— J\l

(3077 200 - v o - )

and then it vanishes as v goes to 0. By Doob’s inequality, for every ¢ > 0,

lim P ){ sup ‘MtU‘>5}:O.

vy
=0 F 0<t<T

Therefore, collecting the above arguments and using Lemma 5.1, we obtain that any limit
point Q* of the sequence (fog))7 is such that

Q*{(mqb) : ‘<mT,UT>—<mO,U0>—/OT (me (0.U5 + AU,) s
+(o7, V) — (b0, Vo) — /OT (65 (8sVs + AVL) )ds
53 [ (e 0) (02 0) = (). 00
3 [ 000 e 00) (1 (00 004 | 5 -

for any & > 0 and U,V € > ([0, T7 ><1Rd), where a is defined as a. () = (25)_d1[_57€]d(33).
Let € go to 0 and by arbitrariness of  we obtain the statement of Lemma 5.2. [

Proof of Lemma 5.3. To simplify the notation, for o € Q, denote by V¥¢(o) the expres-
sion
1

V(o) = ———
(2eN, +1)*

> V(o) - v <(A1’EN”0) (0), (A2’5Nw)(0)> |

l7]<eNy
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Fix M > 0 such that [~M, M]¢ contains the support of V; for all s € [0,T]. We have

T T
El(ff) 4 Z/o ‘Vs(”yi)|7'iVN7’E(as)ds §||VHOOEEL[§) 4 Z /0 7, VN (o) ds

i€EZ @ t€AMN,

—T
Denote f = % fOT f(sM +2) Nwds, where f(sM +2)N, is the probability density with respect

_  M,N,
to vp(mi2)N, = Vp

(see section 3). Since the function )

of the restriction of the measure pu%(s) to the box Arryo)N,

icAnn, 7; VN (g) depends on the configuration o

only through the variables {a(k) D k€ A Nv}’ by Fubini’s theorem, Dirichlet form
convexity and Corollary 4.4, there exists a positive constant C' that depends on M, g and
P such that the right hand side of the last inequality is bounded by

e, 7T N, _ —T
TVl / v T V() f (0)dvp ™ (0) = Ay 2D sayw, (F) A+ AC
iEAMN.Y

for all positive A. It follows that, in order to prove Lemma 5.3 it is enough to show that
for each positive A

lim sup lim sup sup /Vd Z 7’z‘VN”’E(U)JF(U)dVJADJ’NW (o) — A7d72D(M+2)NV (f) p =0,

e—0 v—0 iEAMN,Y

where the supremum is carried over all probability densities f with respect to VII\JJ’N”.

The proof of this limit relies on the usual one and two blocks estimates (cf. [GPV] or
[KOV]) and therefore is omitted. [

Lemma 5.4 (Uniqueness). For any T > 0, the equation (3.5) has a unique weak solution
in the class L=([0,T]) x R?) x L>=([0,T]) x RY).

Proof. The proof follows the arguments in [GL] adapted to the infinite volume case. For
a positive time t > 0, f € Cx(R?) and & > 0, let H,{E . [0,¢] x R* — TR be defined by

H,{,E(s,m) = (f * hHg,s)(ac),

where h;y._s(.) is the heat kernel given by

d
hiye—s(z) = (27(t + ¢ — 5)>_d/2 exp { - 4<t+—1€_8) Z(%)Q}
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In the Appendix it is proven that H,{ . solves the equation d;p = Ap on [0,1] X R and

that
d /t
k=170

<8k7'(£5(57-)>‘d5§ C1(\/t-|-—€—\/g)“f|‘1 (5.1)

S Cl\/%||f||17

where C is a positive constant that depends on d and 0y is the first derivative in the k-th

direction.

Let us consider (m,¢) and (m,¢) two weak solutions of (3.5) with the same initial
datum. Set m =m —m, ¢ = ¢ — ¢ and W = |m| + |¢|. To keep the notation simple, for
(s,2) € Ry x R, we shall denote s (z) = m(s,z) and ¢, = ¢(s,z). For 1 < k < d and
s > 0, let My and F} be defined by

Mk(ms> ¢s) = ((bs - m?) (8k=] * ms)»
Fk(m87 (r/)s) = ms<1 - ¢s) (akJ * ms)-
Observe that for all s € [0, ],
My (s, 6s) = My(ifis, 6s) =(0J *1115) (65 — im2)
+ ((9kJ * ms) [55 — Mg (ms + 7715)}
and
Fk(msa d)s) - Fk(mm ¢s) :(8k=] * ms)ms(l - d)s)
(O ) [T (L = 6,) — ied].

It follows that there exists a positive constant Co that depends on ||m||, ||¢]le and
SUpP; <4 |0k J|| such that, for almost every (s,z) € [0,] x R,

[ M (s, 62) = M (s, 64)| < CoR(2),
| Fy(ms, ¢s) — Fi(s, 65)| < C2R(2).
Here R(t) stands for the essential sup of W in [0, ] x R%:
R(t) = ess supjo 4 xre (W(s,z)).

Since (m, ¢) and (m, ¢) are two weak solutions of (3.5), we obtain by (5.1) that for all
0<<r<t

Y

(7, ), 1L ()| = zd:/o ((Mr(ms, @) = Mg, 05) ), ML (s,.) )ds
k=1
< C3VER()| £,
(8(r, ). Lo (m )| = 8 i / (Pl d) — Fuliin. 32)). 0L (s..) s
k=1

< C3VER()| f1,
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for some positive constant C3. By observing that h. is an approximate identity in e, we
obtain that

(m(r,.), 1)] < CsVARW 11,
(@(7,).0)| < CavERW)£]1

for all f € Cx(IR?) and then for all f € L'(IRY). Tt follows that, for 0 < 7 < ¢ and
f e L(RY),

([m(r, )] ) < CaVIR@) S,

([é(r )] £) < CoVER@) 1.

Therefore, for all 0 <7 <t and f € Ll(IRd),
(W(r,), 1) < 205ViR®) ], (5.2)
which implies that, for all 7 € [0,¢] (see Appendix),
W(r,.) € L®(R?%) and |[W(,.)|sc < 2C5VLR(t). (5.3)
On the other hand, proceeding as in the proof of (5.2), we obtain
(W(r,.), f) < 205ViR(1),

where R(t) is given by
B(t) = sup [W(s,.)ll.
0<s<t
This implies that
R(t) < 2C5VtR(t).

Choosing t = t such that 2C3+/tp < 1, this gives uniqueness in [0, tg] x R%. To conclude
the proof we have just to repeat the same arguments in [tg,2t], and in each interval
[l{lto, (k+ 1)t0], ke N, E>1. O

Glauber dynamics.

The proof of the hydrodynamical limit in the Glauber case is based on martingales
arguments and does not require Dirichlet form estimates. Following the same strategy
as in the Kawasaki case we provide the analogous of Lemma 5.1, 5.2 and 5.4. Fixed a

parameter 3 > 0 and the time interval [0,7], we denote by Pffi) the law of the process

(o(t,.))tepo,m (without acceleration) on the space D([0,77,€) and by Qfﬁ) the law of the

process (1", 77" ) c[0,7] on the space D([0, 7], M?) with initial distribution x7. As in the
Kawasaki case the proof of the analogous of Lemma 5.1 is simple and is omitted. We shall
give only the proof of the analogous of Lemma 5.2: All limit points Q* of the sequence
(Qfﬁ))7 are concentrated on weak solutions of equation (3.7). Finally the proof of the
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uniqueness of the equation (3.7) goes on along the same lines as in the Kawasaki case. It
is easier, since we do not need to use properties of the heat kernel.

Denote by C}éo ([O, T % IRd) the space of continuous functions with compact support and
with derivative continuous in time. Let U = (U, U?) € Cx°([0, T]xR%) xC°([0, T] x R%),
and consider the martingale Mt(G)’U defined by

2 t
MO = Z{ <a U > — < wf", UL > —/ (83 +IL57) <7, UL > ds}-
=1 0

Observe that since for all ¢ € Q and i € Z %, o(i) € {~1,0,1} we have li,(=—1} =

(1/2)a (i) (o (i) — 1), 1io@y=oy = (1 = (0(4))?) and 1{o()=1} = (1/2)o(i)(o(i) + 1) we may
thus rewrite the generator ]L(VG)’ﬁ as

I[JEYG)”B LY+~ + ]L+,

with
1 =5 (VI H, ) (o)
(]L(f)g) (0) = ) igd 5 cosh (g(v@('f)ﬂy)) [(ng)g) (U)]a
1 e~ 3 (VIH)(0) oy (i) (a(i) £ 1)
(]L:Fg) (U) - 5 igd 92 cos cosh (g(vj:H'y)) ((1 o 0(Z> ) + 2 ) [(Vfg) (0>:|7

where for a cylinder function F, (ng 3 ) (o) is defined by
(ng)F) (o) = F(O'(f)’i) — F(o).

For i e Z<, c(f) is a configuration obtained from ¢ by flipping the value at i

(0o ={", 7L

On the other hand, for all o € Q and i € Z ¢ we have
B ot _ NP (i d
exp (= SV H,)(0)) = exp (= Bo(i)a™ (70)) exp (2400,(0)),
8 B
exp (= S(VPH,)(0)) = exp (F 5[ (70) + 53 (20() F1)] ) exp (= 7,,(0)).
where o™ and h] are defined by

i (yi) = 2(mt7 x J) (i) + ha Eg = <h2 — e Z J(vk)),
keZ ¢
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for s € [0,7], we shall denote

alt(yi) = 2(my7 x J) (i) + ha.

By using the relation e = (cosh(b) + sinh(b)) it is easy to show that the martingale

Mt(G)’U can be written as
Mt(G)’U = My + M +04(1),

where M}! and M? are the martingales given by
t
M} =<7 Ul > — < 7", UL > —/ (m37,0,UL)ds
0

_ %/t {< — b U+ <7T§’7,Usl(.)tanh(ﬁai}l(.)»}ds

__7d Z / U 7@ tanh(g[ ?1(72')—#7@])+tanh<§[agl(7i)—f~lz}>}ds

— 4 [ (o ftan(§ o) + 7)) — tann(§ ol ) - ) 2} Yo
-4 [ (= mn vt {sann (5 ol 0+ 5]+ ann (5 ol (0 - 73]) s

and

t
M? =< a2 U2 > — <727, U% > —/ (n27,0,U2)ds
0

Z / U( w tanh(ﬁ[ Zl(vi)—klﬂ ) —tanh<§ D +2}d

i€Z ?

- %/Ot < — 27, Uf(.){tanh(g [alr(.) —1—53]) - tanh(g [l () — 713]) + 6}>ds

B % /Ot <7T;’7’ UE(.){taﬂh(g [agl() +E’27}> + tanh<§ [ai“() - %g}>}>d8

On the other hand, a simple computation shows that the quadratic variation N(¢):1
(resp. N(G):2) of the martingale M} (resp. M7) vanishes as ¥ — 0. Therefore, using
Chebychev’s inequality and Doob’s inequality, we obtain

hmP( ){[ sup ’M1|+ sup ‘le] >(5}:
7—0 0<s<T 0<s<T

for any positive 9.
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To conclude the proof we have just to let v — 0 and to follow the same arguments as
in the Kawasaki case. [J

6. Non gradient dynamics.

In this section, we consider a different kind of dynamics reversible for the Gibbs measure
associated to the Hamiltonian (1.1) (with ho = 1) which is of the so called non gradient type
[KL]. We consider a system of IV spins on a d-dimensional torus T¢. At times exponentially
distributed each bond (i,j) € T% x T% |i — j| = 1 change its configuration (o (i), (j))
independently of the others (or stays unchanged) to the new configuration (¢’(7),0’(j)) in
such a way that |o(i) —o(i)'| =1, |[o(j) — o’(j)| = 1 and o (i) + o(j) = o' (i) + o’ (j) with
jump rates chosen to satisfy the detailed balance condition with respect the Hamiltonian

Hyn) =~ 3 J(i— joli)oli),

i,j €T
In other words, the transitions allowed for a bond (i, j) are

(0,—-1)==(-1,0),  (1,0)==(0,1)
(1,-1)<=(0,0), (0,0)==(—~1,1)

We remark that the difference between the number of positive and negative spins is
conserved by this dynamics, while the number of zero spins is not, because negative and
positive neighbouring spins can annihilate to create two spins with zero value or viceversa
two zero spins can disappear to give rise to a couple of spins +1.

This dynamics, when reformulated as a lattice gas, turns out to be at 8 = 0 the
generalized exclusion process introduced in [KLO]. To match the notations in that paper
we prefer to use in this section the representation of the system in terms of the occupation
number 7(i) = 0,1,2 instead of the spin variable o(i) = —1,0,1, their relation being
o(i) = n(i) — 1. In each site of the torus T there are at most 2 particles. A configuration
of the system is an element 7 of Xy = {0, 1, 2}Td, where N is the number of sites in T¢.
Particles move on the torus in the following way. A particle in ¢ jumps with a given rate to
the nearest neighbour j if in j there is at most one particle. We call %/ the configuration
obtained from 7 letting one particle jump from i to j:

N n(k) if k#1,7,
(n™) (k) =< m(k) —1 if k=1,
nk)+1 ifk=j.

For (i,j) € T and every cylindric function F : Xy — IR, define (Vi;F)(n) by

(VigF)(n) = rii(m) {F(n"™7) = F(n)} .
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where
rig(m) = Hn() >0,n(j) <2},
The jump rates are
CP(i,jin) = ®{B (H,(n"7) — Hy(n))},

with

= D i = immG). (6.1)

i,j€T

where J, is the Kac potential defined in section 2 and ® : IR — IRy is a continuously
differentiable function in a neighborhood of 0, such that ®(0) = 1, satisfying the detailed

balance condition
O(E) :exp(—E)qD(—E). (6.2)

The generator of this jump Markov process (7:);>0 is given by

<]Lﬁf) =(1/2) > Cliim{(Visf)m)} -
ZJET
li—jl=1

where we have made explicit the dependence on the parameter 5 > 0.

Lemma 6.9 shows that the dynamics with parameter § > 0 is a weak perturbation of
the generalized simple exclusion process GSEP in [KLO] and reduces to it at 5 = 0. We
shall denote the generator of GSEP by ]Lg.

For ¢ > 0, define 1759\[ as the product measure on Xy with marginals given by

r

N n0) =r} = —F

— . r=0,12.
14+ ¢+ @2

Let R(p) be the mean occupation number of particles under ﬂg :

The function R: IRy — [0,2) is a bijection and we denote by v:[0,2) — IRy its inverse.
For every « in [0,2), we denote by v the product measure ﬂif(a) so that the density of
particles on each site is « :

E,n[n(x)] = a for x in Xy.
We will use the notation v, for the product measure on the infinite volume product space

X =10,1, Q}Zd and < f >, for the expectation of a cylinder function f with respect to
N .
Vg OT U :

< fa= / F)valdn) . (6.3)
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N

V) of probability measures is reversible for the generator

The one-parameter family (v
ILg (GSEP) and for 8 > 0 the one-parameter family of probability measures (v7V),, given

by

ﬁJV(??) _ eXp{_gf’Y(n)}yé\I( )

is reversible for the dynamics with 3 > 0. Here Z? is the normalization constant.

1 2. as in the Kawasaki case,

We now choose N = ~~" and speed up the generator as v~
and study the limit NV — oo. In this Section we show that, starting from a sequence of
measures on Xy associated to the same initial profile pg, the density field converges, as N
increases to infinity, to the weak solution of the nonlinear parabolic equation (6.5), where
the diffusion matrix D is given [KLO] by (6.4) below.

It has been proved in [KLO] that the coefficients Dy ,,,(p) are nonlinear continuous
functions of p and that D is strictly elliptic. That is not enough to prove the uniqueness of
weak solutions of (6.5), which is easy to prove instead if the diffusion coefficient is known
to be locally Lipschitz continuous (for example by the method in [LMS]).

In order to define the diffusion coefficient, we need to establish some notation and to
consider the generalized exclusion process in the infinite volume space X.

For i in Z ¢, let 7; denote the space shift by i units on X. For a cylinder function F on
X, define the formal sum

Lr(n) = Y (5F)®)

jEZ @

which does not make sense but for which the quantities {Vo., I'r, 1 < k < d} are well
defined. Here {ey,---,eq} are the unitary vectors in the coordinate directions of Z%. For
each o in [0, 2], let D(a) = {Dg,m(), 1 < k,m < d} be the symmetric matrix defined by
the following variational formula

1

a-D(a)a = X (@) ir};fki:l <<akr0,ek + VO,ekFF>2>a , (6.4)

for any vector a in IR?. In this formula y(«) is the static compressibility defined by

x(@) = (0%, — )2 = (0(0)%), — (o(0))” .

For a measure p on Xy, denote by P, the probability measure on the path space
D(IRy, X y) corresponding to the Markov process (7;) with generator speeded up by N2
and starting from p, and by Ep, the expectation with respect to P,.

Let M = M(T?) be the space of positive measures on the d-dimensional torus T* with
N

(

total mass bounded by 2d. For each configuration 7, denote by 7% = 7V () the positive

measure obtained assigning mass N ¢ to each particle of 7 :

N = NN ()N
jeTe
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where 6, is the Dirac measure concentrated on x. For each ¢ > 0, denote by m; = 7Y the
empirical measure at time ¢ : 7, = 7 (). For a continuous function U and 7 in M(T?),
we shall denote by < m, U > the integral of the function U with respect to the measure 7.

Fix T' > 0. For each probability measure pu on Xy, denote by QLV the measure on the

state space D([0,T], M) induced by the Markov process m; speeded up by N? and p?v.

Theorem 6.1 Consider a sequence of probability measures ¥ on Xy associated to the

initial profile po in the following sense :

lim ,MN{’<7TN(?7>,U>—<p0(CE)dl',U>‘>(5} =0

N—oo

for every continuous function U : T — R and every § > 0. Then, the sequence of
probability measures {Qﬁ] , N > 1} 15 tight and all its limit points Q* are concentrated on
absolutely continuous paths 7(t,dz) = p(t,x)dx whose density p is the weak solution of the
equation

o= Y O{ Do (0){ O = 28x(p) (9 % p) } }
k,m=1 (6.5)

p(0:2) = pol*)-
and belongs to L* ([O, T), H, (Td)>. Moreover if the diffusion matriz D is locally Lipschitz

continuous, then the empirical measures converge in the limit N — oo to the unique weak
solution of equation (6.5).

Since p(x) = m(z) + 1 the equation for the magnetization is the same as (6.5). It is not
difficult to see that it can be put in the form

Oym =V - (zv§> (6.6)

om

with the energy functional

G(m(r)) = / drg® (m(r)) + % / dr / dr' J(r — v ym(r)m (') (6.7)
where
g°(m) := —m® — 37 's(m, ¢(m)) (6.8)

and ¢(m) =< 02 >,,, where < - >,, is defined in (6.3). The mobility is given by the Ein-
stein relation ¥ = D(m)x(m). Moreover the energy functional G is a Liapunov functional
for (6.5).
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The stationary homogeneous solutions of (6.6) are given by the solutions of (2.8) with
hy = 0 and he = 1. Notice that for these values of the parameters the second equation of
(2.8) determines the function ¢(m) defined above as

cosh 28m
¢(m) = -——————.

1+ cosh 28m
For 3 > 3/4 the function g"(m) has two symmetric minima +m, determined by the non
vanishing solutions of
sinh 26m

" 1 sinh 28m

Proof of Theorem 6.1.

Following the strategy adopted in Section 4 for the Kawasaki dynamics, we divide the
proof of Theorem 6.1 in three steps: Tightness, identification of the limit, and under the
assumption that the diffusion matrix is locally Lipschitz continuous, the uniqueness of the
hydrodynamic equation.

The proof of the tightness is essentially the same as the one given in Section 6 in [LMS]
and therefore is omitted. Notice however that in the present case of perturbed generalized

simple exclusion process the invariant measures are not product while the proof of tightness

N

. )o are invariant.

in [KLO] use explicitly the fact that the product measures (v,
For the uniqueness of weak solutions of the hydrodynamic equation we need an en-

ergy estimate which states that every limit point Q* of the sequence {ny , N > 1} is
concentrated on paths whose density p belongs to L? ([0, T), H, (Td)).

Proposition 6.2 Let Q* be a limit point of the sequence {Qﬁ], N > 1}. Then,

EQ*[/OTCLS(/N | Vp(s,z) || dac)} < 00 .

The proof of this proposition is similar to the proof of Proposition A.1.1. in [KLO]
and is therefore omitted. The proof of the uniqueness of weak solutions follows the same
lines as in [VY] or in [LMS]. It is here that we need the diffusion coefficient to be locally
Lipschitz.

The identification of the limit is not trivial and is the main step of the proof of Theorem
6.1.

Lemma 6.3 All limit points Q* of the sequence {Qﬁ] , N> 1} are concentrated on the
path p(t, z)dx whose density p is the weak solution of equation (6.5).

Proof. Fix a function U in C12([0,T] x '][‘d). Consider the martingales M = MtU’N,
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NV = NPV defined by

t
MY :<7rtN,Ut>—<7réV,U0>—/ (0s + N’ILE) < ol U, > ds,
0
NtU - (MtU>2

t
—/{N2IL§(<7TQ’,US>) —2< ), U, > N°ILY <=, U, >}ds.
0

In these formulas, for a continuous function U and 7 in M(T%), < 7, U > stands for the
integral of the function U with respect to the measure 7.

A simple computation of the integral term of N shows that the expectation of the
quadratic variation of the martingale MY vanishes as N 1 oo. Therefore, by Doob’s

inequality, for every ¢ > 0,

lim P | sup |MY] >5] ~ 0. (6.9)
N—o0 0<t<T

We now turn to the martingale MY. A summation by parts permits to rewrite the
integral term of the martingale MU as

t d
/ < Wf,@SUS >ds + / ds N~+1 Z Z (8,§U)(s7i/N)W?l]iek( s)
0 k=141

where W2V

i,i+eg

(n) is the current over the bond {i,i 4 ey} :

1 . . .
wii, () = 3 {CPi,i+ erin) — CJ(i+ e, isn) }

and (8,53\7 U ) is the discrete gradient defined by
(08 U)(i/N) = N[U((i +ex)/N) = U(i/N)] .

Remark that we may write the current w?: as the sum of the current W, ;4, of the

7 z—l—ek

GSEP (ng) and a term coming from the perturbation:

B . _
Wzﬁz]—l\—fek( ) = Wi,iJrek (77) + §N ! (akJ * WN(”)) (Z/N) {Ti,i+ek + Ti+ek,i} +N 10N(1)7

where oy (1) is a random variable which is bounded in absolute value by a constant that

converges to 0 as N T oo and

1
Wi,i+€k (77) = 5 {T’i,i+€k (77) - TiJrek,i(n)} .
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We will often omit the dependence of W; ;1. and w2y on n and N.

1,0+eg

Following the non gradient method of Varadhan [V] and the entropy method of [GPV]

we now replace the current Wf ﬁek appearing in the integral term of the martingale M by

a linear combination of the gradient {n(i—l—em) —n(i)} and {ﬁN‘l (Omd =7V (n)) (z/N)}

This requires some notations. For ¢ < N and i in T, let 7’ (z) stands for the mean number
of particles in a cube of size 2¢ + 1 centered in 7 :

1) = G 2 ).

li—3| <€
Fork=1,---,d, N>1, e >0 and a smooth function G : T? — IR, let

XK (Gn) = NN Gi/N)HVYE ()
i€Td

where

d
V) = Wo + 3 Do (4°°(0) {[”N%m) (0]

m=1

—2B8N "X (n™4(0)) (0md * =™ (1)(0)) } :

Next theorem is the main step in the proof of Lemma 6.3 and therefore of the hydro-
dynamic limit.
Theorem 6.4 For every smooth function G : [0,T] x T — IR,

T
limsup limsup Ep H/ X]’f]’e(Gs,nS)dsH =0
0

e—0 N —o00

fork=1,--- d.

The proof of this theorem is postponed to the end of this section. We show now how
Theorem 6.4 allows to conclude the proof of Theorem 6.1. For 1 < k,m < d, denote by
di m the integral of Dy, p, :

(0%
diem (@) = / Dy (u)du ,  for a € [0,2].
0
Since Dy, is a continuous function, by Taylor expansion,

Qi (1Y (em)) = di i (177(0))
= Din (17(0) {1 (em) =0V (0)} + (Ne)lon(1) .
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It follows therefore from Theorem 6.4 that

T
hmsuphmsupEp N ‘/ Y?V’E(Gs,ns)dsu =0,
0

e—0 N—o00

where
Y5 (Gn) = N3 G(i/N)7 U (n)
i€Td

and

d
UN“() = Wo, + 3 {dim (™ (em) — din (77°(0)) }

m=1
— 26N Z {X 0V°(0)) Diyn (0™(0)) (O] + 7 (m) (0) }.

A summation by parts permits to rewrite the second term of Yf}V’e(G, n) as

d
NN N (00G) (i/N)dim (0 (0))

m=1;er4d

d
— N4 Z Z G(i/N)(28xDr.m) (0N (@) (0T * 7 (n)) (i/N) + O(N71).

m=1 ;¢rd

This concludes the proof of the Theorem.

Proof of Theorem 6.4. We first introduce some notations and recall some tools used
in the non gradient methods. We denote by LY the pregenerator of GSEP in infinite
volume and consider the family () of invariant measures for IL.°. Let C be the space of
cylinder functions. For each box A C Z ¢ and a positive integer £, such that 0 < ¢ < 2|A],
we denote by v ¢ the canonical measure on {0, 1,2}* with density ¢/|A|. For a cylinder
function g € C, denote by A, the smallest rectangle that contains the support of g and by
s4 the smallest positive integer s such that A, C A;. Let Cy be the linear space of cylinder
functions with mean zero with respect to all canonical invariant measures for IL° :

Coz{gEC; (9)p,,0 =0 forall 0§€§2]Ag|}.

Here (g) Ay stands for the expectation of the function g with respect to the measure vy, 0.
For a positive density 0 < p < 2, define the semi-norm ,/<<g>>, by the central limit

theorem variances

. _ —1
Kg>>, = lim (20) d< Y mg. >, g >M<g’

|3 <ty li| <24
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for g € Cy and a sequence of positive integers K, such that 0 < K, < 2(2¢ + 1)¢ and
limy—, 00 K¢/(20)% = p. In this formula ¢, = ¢ — s, — 1, A; = {—£,---,¢}% and for a box
A C Z? 1Y is the restriction of ILY to the box A.

By polarization we may define from << - >>, a semi-inner product on Cy. Moreover, if

for cylinder functions g and h in Cy we define

<g,h>>,0 = Z (9,7:h),

i

we obtain by the definition of <<->>, the following properties (cf. [KL]) : For all h, g € Co
and for each 0 < k,m <d

<g, Loh>, = —<<g,h>>,,
<nler) —n(0), L=, = 0,
<<77<6k7) _77(0>7WO,6m>>p = —X(p)ék’m, (610)

1
<<WO,ek; WO,em >>p = 5 <r0,el >p 6k,m7

where 0y ., is the Kroenecker delta. Let us denote by F the space of functions F' : [0, 2] x
X — IR such that
(i) for each p € [0,2], F(p,.) is a cylinder function with uniform support i.e. there exists
a finite set A € Z ? that contains the support of F(p,.) for all p € [0,2].
(ii) For each configuration n, F'(.,n) is a smooth function.

It has been proved in [KLO] and [KL] (Corollary 7.5.9 in [KL]) that for all 0 < k < d,

d

inf sup <<Woe, + Y Dim(p) [n(em) —n(0)] = LOF(p,n)>>, = 0.

F6f0§p§2 1

For each positive integer n > 1 let F¥" € F such that for all 0 < p < 2,

d
1
<Woe, + D Dian(p) [n(er) = 1(0)] = LOF*"(p, ) < .

m=1

It is easy to see that for each n > 1 (cf. proof of (7.1.2) in [KL])

T
limsupEp H / dsNt=4 Z G(s,i/N)T,-ILng’” (nZN(O),nS) H =0.
N—oo . 0 :

1€Td

In particular, to prove the theorem we have to show that

T
lim limsuplimsupEp , H/ ZEZH(GS,US)CZSH =0, (6.11)
W 0 )

n—ao -0 N—oo
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where Z§ " (G, ) is defined by

Z5 " (Gon) = X5 (G — NS Gi/N)RILEFR™ (n7N(0), 1) .
ieTd

On the other hand, since F¥" is a cylinder function, it is easy to see by Lemma 6.9
that for all € T?

RILOF™F = N~y (1) + mIL Pk
ﬁ d
+ N > (O 7N (i/N)) 7 { > {VayﬁemF"’k - Vj+em,jF”’k}}-
m=1 jET4

d ZFk’n . ZFk,nJ d ZFk,n72
We now decompose Zy . in two parts, Ne and Zy 7

Fk,n . Fk’n,l Fk’"72 _1
ZNe =Zn. tZye. "+N on(1),
where

250 = NS Gi/N)r {w + Y Dean (1¥(0)) 1 (em) —nNE(O)]}

i€T?

m=1

— NN G /N)TL)F™* (7N (0),m)
i€T

23t = BN 3D Gli/N)r {(ww%)(m) (Foen T en)

2
ieTd

-2

-

(Dim) (1 (0) (0 7 (1) 0)) }

~ BN Y Gli/N)r {Ed:(@ J s )(0))><

ie{T? m=1
X { Z (1/2) (Vj,ﬂ_ean’k - Vj+em7an’k) }}
jET?

Here (xDp,m) represents the product function (xDpg m) (o) = x(a) Dy m (). To conclude
the proof of the theorem it is enough to prove the following lemmas :

Lemma 6.5 For each 0 < k <d,

lim hmsuphmsupEp N ‘/ Ns s,ns)dsH =0. (6.12)

n— -0 N—oo



Lemma 6.6 For each 0 < k <d,

n—0o0 =0 N—o00

T
lim limsuplimsupEp H/ Zﬁks ’2(Gs,ns)dsH =0. (6.13)
I 0 )

n,k
Proof of Lemma 6.5. Fix 0 < k < d and denote Z]?e o1 by Zzlv,e- Since the entropy
S (PHN |Pyév) of P~ with respect to P,~ is equal to s ([LN‘I/(JXV) which is bounded by CN?¢
for some positive constant C, by the entropy inequality for any positive A

Br. || [ Gy asl] < €

+

Ajlvdlongyév [exp <ANd‘ /Ot Z (Garns) dsm.

Since el*l < e* 4+ e~ and
limsup N ~%log {ay + by} < max {lim sup N ~%ogan, lim sup N_dlong} ,

the absolute value appearing in the exponent of the right hand side of the last inequality
can be eliminated. Indeed, by the Feynman-Kac formula, we have

1 t
lim sup lim sup ANdlongVN [exp (ANd‘ / Zn .. (Gg,ms) ds‘)}
e—0 N—o00 o 0

< lim sup lim su
T e—0 P N—>oop ANd

[ (el w6 s,

where Ay (£G;) is the largest eigenvalue of the reversible operator
2

N .
2 (]LQ + 15 ) +ANZY, (£G4,n)

given by the variational formula

f=0

ffdvévzl

Here, ]Lg’* stands for the adjoint operator of ]Lg in L? (l/év ) From Lemma 6.8 below we

sup AN [ 2k (£Gm v o) + N* (VELSVE) }

have, for all positive A

1
ANd

Ci

t
< 2L
/OAN,E(iGs)dS < At

f=0
ff@;’j:l

¥ /d{ s { [ Z}V,E<ies,n>f<n>dv5<n>+N:d<ﬂJLW?>a}}-
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It has been proven in [KLO]|, [KL] that for any positive A and any smooth function
Gectt <[0,T] X Td> and any «

lim lim sup lim sup

n—oo 0 N—oo
t
/ ds{ sup  { / Ziv (G (v (n) + AN* (/T 15 /T ) }} =0.
0 £>0 o
ffdujj:l
That concludes the proof of Lemma 6.5. O

Proof of Lemma 6.6. Fix 0 < k < d. To simplify the notation, for 0 < m < d denote by
Yl and ™ the cylinder functions ¥! = ry ., and

\Ili’m = { Z (1/2) (vj,j-l-ean’k — Vj+em7an’k) }

jer?

For a cylinder function ¥ and a positive density 0 < p < 2, we shall denote by \Tf(p) its

expectation with respect to the measure I/év .

Observe that for each 0 < m < d and all density 0 < p < 2, \T/im(p) can be rewritten
as

N2,m n,
V" (p) = — (2Woe, . F™F)
= <<2Wy,, , LOF™F > .

In particular, from Lemma 6.8 and using one and two blocks estimates, we obtain

T Fk:,'n 2 T ~Fk’n 9
‘/ ZN@ 7 (Gs,ﬁs)dS‘ - ‘/ ZN,E 7 (G57778)d5 T TN,
0 0

where ry . is a random variable such that its expectation with respect to P,~ converges
to0as N Tooande | 0and

m=1

d
Zy. (G = BN GLi/N) { S (O = 7 () (/M) LT (74 (0) B

ieTd
=2 (xDm) (1) = T2 (n(3) }
To conclude the proof we just have to apply Lemma 6.7 below. O

Lemma 6.7 There exists positive constant Cy such that for each 0 < m < d

C
sup [ (ro.e;). Ok.m — 2X(0)Di.m(p) — 2<<Wp ¢ ,EOFk’”>>p < 0

0<p<2 e ’ m _ﬁ'
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Proof. Using (6.10), it is easy to show that

‘ (Foe1), Sm — 2X(0) D () — 2<<W0,em,]L°F‘f’“>>p’
d
= [<<2Wo, Woe, + 3 Do) () = n(0)] = LOFS", |
r=1
By Schwartz inequality the right hand side of the last expression is bounded by
d

VW % (<Woree + 3 Dior(p) Inler) = n(0)] = LOF*">, )

r=1

[

which is bounded by Cy/+/n for some positive constant C. ]
We now prove some estimates on the Dirichlet forms for the process at 3 # 0 needed in
the proof of Theoem 6.4 and in the proof of one and two blocs estimates.

Lemma 6.8 There exists positive constant Cy such that for every probability density f

with respect to v

N2<\/},1L§\/}> < %N2<\/?,]Lg\/f> 4+ Ot

N
Vo Vo

Proof. Fix a probability density f. A simple computation shows that

VYRRV, = (Y LAT)

t3 3 [rf-e s ) o}V [vovi J oy, &

l[i—jl=1

Recall that, by Lemma 6.9 below,
1@ {3 (V" Hy) ()] < Cav ™

for some positive constant C;. To conclude the proof of the lemma it remains to bound
the second term of the right hand side of (6.14) by

~(2) (VELSVT) |+ G

using the inequalities 22y < ax? +a~'y? for all a > 0 and the fact that f is a density with
respect to 2. Ul
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Lemma 6.9 For allt € Td, unit vector e € T¢ and ne Xy

Colii+esm) =1+ {BN"1 S (e 9J) (6= j)/N)n(i) } + O(N?),
jer?
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Appendix.
Proof of (5.1) We have

d
—d/2 1 1
; |Okhiye—s(z)| = (2n(t + e —5)) exp{ — meH?} X mx

d

|k 1
Y (e —" ) §
Vt+e—s 8(t—|—8—s)

where for = € R?, ||z| = ZZ:1($k)2- Since Zzzl |z;| < d||z|| and o exp(—a?) < A; for
all a € IR and for some positive constant A;. We have that

d

1
Z ‘8kht+€—s(x)| < A2h2(t+5—s)($)4
k=1 Vite—s

for some positive constant As that depends on d. On the other hand, we have

d d
Z 8kH7{E = fx( Z Ochiye—s)
k=1 k=1
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and therefore

d t
Z/ ’<8ka:’€(s
k=170

< /d{ |l [ |f<y>|;\akht+5_s<y—x>}dy}}

< A, /Ot ds{ /]Rd dylf(y)|[/Rd hz(t+e—s)(y_x)dx] % ﬁ}

<ol | et
= A flh {VEFE - VE}.

Proof of (5.3): For all 7 € [0,t], W(r,.) € L®(IR%) and [|[W(7,.)|sc < 2C5VtR(t).

First, by (5.2), for any open set U of IR? with finite Lebesgue measure A(U), we have
forall 0 < 7 <t

/ W (r,z)dx < 2C3VtR(HAU).
U

Fix 0 < § < 1. For any open set U of R? with finite Lebesgue measure and for 0 < 7 <t
let
BY, = {x cU : W(rz)>203VER(t)(1 + 5)}.

Suppose that )\(B(;UT) > 0, there exists an open set V', such that, B , CVand )\(V\B ) <
A(V)$ and we have

A(V)(2C5VER(t)) < A(V)(2C3VER(1)) (1 + 6)(1 — §/2)
= (2C3VER(1)) (1 + ) (A(V) — A(V)5/2)
< (2C3VER(1)) (1 + 6)(A(V) = A(V \ BY,))
= (2C3VER(1)) (1 + §)A(BY,)

)

< W(r, x)dx
U

< / W(r,z)dx
v

< (2C3VER())A(V).

which leads to a contradiction.
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By the arbitrariness of 0 < § < 1 we obtain that if U is any open set of R? with

AU) < 0,

A({x cU : Wira)> zogﬂR(t)}) ~0.

This implies

W(r,z) < 2C3VtR(t) a.e. in R%
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